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Abstract
Sunlight is, by far, the world’s most abundant source of energy, and may
be converted directly into electricity without the emission of any green-
house gasses using photovoltaic solar cells (SCs). While the cost of SCs
has decreased tremendously in the last decade with the creation of superb
economies of scale, there remains a wide scope for technological advance-
ments to improve the cost competitiveness of SCs by reducing costs and
increasing efficiencies. We investigate how nanophotonic structures may en-
able these developments.

A common thread of our studies is to begin by examining the basic
interaction of light with a nanostructure, as embodied by the structure’s
modes, before designing optimised structures for a given application. The
simulation tool that we have developed for our investigations is well aligned
with this philosophy, and has been made freely available.

We begin by studying thin films, which are inexpensive but whose effi-
ciency is limited by low absorption. To address this deficiency we pattern the
absorbers at the nanometer and micrometer scale so that the sunlight excites
resonant nanophotonic modes in which it is trapped and strongly absorbed.
In particular we study nanowire and nanohole arrays with bi-periodic inclu-
sions of high and low refractive index respectively. By understanding the
optical physics of these structures we arrive at a semi-analytic routine for
optimising their absorption, and we also study the effects of disorder, show-
ing how including NWs with varying diameter into the array increases the
absorption.

An alternative approach is to combine many physically separated SCs
into a multi-junction SC to reach efficiencies in excess of 50%. A similar
approach may also be used to achieve efficiencies of over 30% using affordable
subcells, for instance made from perovskite and silicon. A crucial element in
these devices is a wavelength selective filter, which may be made of dielectric
gratings with regions of near 100% reflectance. We show these reflections are
fundamentally due to the symmetries of these structures’ Fano resonances.

Finally, we demonstrate that gratings of deeply subwavelength thickness,
composed of metals or relatively weakly-absorbing semiconductors, can ab-
sorb nearly 100% of light at a target wavelength. These findings open up
many practical applications because, unlike previous demonstrations that
used complicated metallic metamaterials and plasmonics, weakly-absorbing
semiconductors are abundantly found in nature, are compatible with op-
toelectronic applications, and can be patterned using standard techniques.
Our theoretical findings are experimentally validated at visible wavelengths
in a grating made of antimony sulphide.
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Chapter 1

Introduction

We’re in a giant car heading toward a brick
wall and everyone’s arguing over where
they’re going to sit.

David Suzuki

It has been disheartening, to put it mildly, to see David Suzuki’s words grow only more
fitting with time. And as we continue with ‘business as usual’, we are emitting the green-
house gases that will lock in an increase in global mean surface temperatures of 2oC [9].
Thankfully, while our politicians squabble, continual improvements are being made in our
technical ability to harvest energy from clean, renewable sources. These improvements are
increasing the efficiency of these technologies and driving down their costs, thereby reducing
the investments needed for the world to transition to a carbon neutral future.

Sunlight is by far the most abundant source of energy on earth as every 2.5 hours the sun
irradiates the earth with more energy than humankind used globally in 2013 [10]. Figure 1.1
compares the total known reserves of non-renewable energy with the amount of energy
available from renewable sources on an annual basis; solar energy is the bright yellow sphere.
The two-dimensional representation of these spheres understates the disproportion of the
annual solar resource to the total known non-renewable resources; if the wind sphere is the
size of a marble, coal would be the size of a bowling ball, and solar would be the size of a
small house.

Photovoltaic solar cells (PV SCs) are a particularly elegant technology that generates
electricity directly from sunlight. The photovoltaic effect was discovered in 1839 [11, 12]
but it was not until 1961 that SCs with practically viable efficiencies of over 10% were
demonstrated at Bell Labs [13, 14]. The efficiency with which SCs convert sunlight into
electricity has improved dramatically since then, and the costs of PV SCs have continually
declined. Efficiencies have increased due to a better understanding of the physics of SCs and
the refinement of fabrication processes. The reductions in costs have primarily been driven
by vast increases in the scale of production. In recent years the efficiency of conventional SCs
has increased only marginally, as fundamental material constraints are approached, which
has focussed the research community’s attention on developing new SC designs that can
dramatically reduce costs.

This thesis investigates how dielectric nanostructures may be used to improve the per-
formance of PV SCs. We focus on understanding the optical physics of the nanostructures,
which informs general design strategies. We examine how nanostructured absorbers could
create cheap and moderately-high efficiency SCs, and how other nanostructures could be
used to direct parts of the solar spectrum to different SCs, thereby enabling the produc-
tion of high efficiency SCs with reduced costs as well as the creation of SCs with ultra-high
efficiencies.

Chapter 2 motivates ongoing research into improving PV SCs, and provides a perspective
on the current direction of this research. We begin with an overview of the economic factors
influencing the SC market, and an analysis of the loss mechanisms that limit the efficiency

1
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Figure 1.1: Total known global energy reserves of non-renewable (right side) and annual
sources of renewable energy (left side). The quantities are represented as spheres, and as
such their relative size is far more unequal than they first appear. Adopted from [15].

of the energy conversion process. These reveal a number of opportunities for nanophotonics
to make significant contributions to improved SC designs.

Before delving into the results of our research, we outline the simulation method that we
used throughout our work in Ch. 3. This semi-analytic method is foundational to our work
because it dictates which quantities we have access to in order to investigate the interaction
of light with the nanostructures. The development and implementation of the simulation
program has been an ongoing part of this project.

Chapters 4 and 5 contain the results of three studies on nanowire array solar cells, as well
as discussions on the similarities and differences of these structures with nanohole arrays,
which have the inverse material distributions. In Ch. 6 we pursue a different aim, studying
the physics of one-dimensional lamellar gratings, which may be used as solar spectrum
splitting elements in multi-junction solar cells.

The final chapter of results, Ch. 7, is less focussed on solar energy applications. Here we
demonstrate, theoretically and experimentally, that ultra-thin lamellar gratings can perfectly
absorb light of a designed for wavelength, with zero light lost to reflection or transmission.
We show that this can be achieved using a wide variety of materials, including commonly
found weakly-absorbing semiconductors and metals. The applications that may benefit from
these findings include photodetectors, optical modulators, and potentially ultra-thin SCs.

Chapter 8 concludes the thesis with a review of nanostructured solar cells and an as-
sessment of our work within this field. We also assess the opportunities and challenges for
nanostructures to broadly improve the performance of realistic photovoltaic solar cells.

2



Chapter 2

Photovoltaic Solar Cells

I’d put my money on the sun and solar
energy. What a source of power!
I hope we don’t have to wait until oil and
coal run out before we tackle that.

Thomas Edison

A fundamental figure of merit (FoM) that determines the viability of a renewable energy
technology is the ratio of its cost to its power conversion efficiency. This is most simply
expressed as the cost per Watt ($/W) of the electricity generated by installed devices. While
this FoM captures the essential competitiveness of technologies, their viability is influenced
by many external factors, such as the abundance of the energy resource, as well as the price
of feed-in tariffs and the regulations governing the electricity market [16]. Some of these
factors are included in more sophisticated FoMs such as the levelized cost of electricity (the
ratio of costs to power generated averaged over the assets lifetime) and the levelized avoided
cost of energy, which is more appropriate for renewable technologies as it includes savings
in the distribution network [17].

The simplicity of these FoMs contrasts the multi-faceted effects that must be considered
when developing non-renewable energy sources, which include: the greenhouse gas emission;
the broader environmental and health impacts of the mining, transportation and combustion
of the fuel (for details regarding the externalities of coal see [18, 19]); and the long term
disposal of waste products, including, in the case of nuclear energy, the secure storage of
potentially fissile material. While the total absence of these negative impacts from renewable
energy installations ought to be highly valued in themselves, the $/W remains the dominant
driver in their adoption.

In this chapter we outline the various constituents to the cost of installed SCs, discuss the
processes that fundamentally constrain the efficiencies obtainable by PV SCs, and review
recent developments in existing PV technologies. The analyses reveal multiple advantages
of creating SCs with thin absorbing layers, but emphasise that these opportunities can
only be realised under the condition of high absorption with low parasitic losses. Dielectric
nanostructures are ideally suited to realise these opportunities as they can be used to strongly
manipulate the propagation of light without the intrinsic Ohmic losses of metals.

2.1 The Cost of Photovoltaic Electricity
We begin by discussing the costs embodied in an installed solar cell. The costs arise from
four broad factors:

• The Materials – the cost of the raw materials and the costs associated with refining
them to the purity required for the production of efficient PV SCs.

3
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shipped PV module capacity in Watt-peak (the nominal nameplate capacity of PV modules).
By the time cumulative shipments have doubled, the cost has declined by on average 21.5%,
which equates to the costs halving every decade [20].

• The Factory – manufacturing SCs is a complex industrial process where costs (and the
potential for savings) occur at each processing step.

• The Balance of System (BoS) – these are the costs of the components that connect
the PV cells to the electricity system (be that the grid or an isolated building).

• The Installation – there are large costs incurred in delivering and installing SC modules.

We elaborate on these in reverse order;

The Installation

With the recent drop in SC module prices (see Fig. 2.1), it is estimated that, in developed
countries, the cost of delivering and installing SC modules now exceeds the cost of making
them [21]. This trend, along with limitations in available space, is shifting the competitive
advantage towards SCs with higher efficiencies, as the cost of installation is tied to the
number of panels required to reach the desired power output.

Balance of System

The BoS costs associated with bringing the electricity produced by SCs to the devices
that use it, are substantial. They include the wiring, switches, mounting systems, and, in
many cases, inverters and transformers that convert the Direct Current (DC) produced by
the photovoltaic effect into Alternating Current (AC) electricity as used by the electricity
networks at both the home and grid levels.

These costs can be reduced through the use of highly efficient SC modules because these
require fewer modules for the same power output, reducing the space, material and labour
usages. Another approach that could dramatically reduce the BoS costs, and at the same
time significantly improve the system’s efficiency, is to create local DC circuits that connect
the SCs directly to the electrical appliances that run on DC electricity, as well as to batteries
for storage [22, 23]. For a review of the larger scale challenges of integrating large amounts
of DC-producing renewables into the existing electricity infrastructure see [24].
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Figure 2.2: Sand to silicon. A flow chart of the processes involved in producing extremely
pure silicon wafers, where the silicates are originally found in sand.

The Factory

Since 1976 the cost of PV SCs has declined at a rate of about 21.5% with every doubling
in the cumulative amount of PV modules shipped [20], approximately halving every decade.
This trend, shown in Fig. 2.1 in terms of the average module sales price, has been predom-
inantly driven by increased “(production) efficiency and scaling” [25], an effect economists
call the “economies of scale”. During the same period, the absolute efficiency of PV modules
has increased by only ∼ 0.2% per year [25]. A moderate reduction of costs is forecast to
continue into the immediate future, driven primarily by: cost reductions along the entire
value chain; the introduction of specialized module products for different market applica-
tions; and improved module power/cell efficiency without significantly increasing processing
costs [20]. At some stage however, the potential for savings from manufacturing efficiencies
will expire, and substantial efficiency increases will be required to reduce the $/W.

The Materials

The most basic cost of a SC stems from the materials consumed. This cost, in turn, is
comprised of the cost of the raw material, and the costs of refining the material to the point
where its electrical properties are good enough to yield efficient SCs. We illustrate these
costs in Fig. 2.2, where we focus on the production of crystalline silicon wafers that are used
in over 90% of commercial SCs [20]. Figure 2.2 illustrates the lengthy, involved, and energy
intensive processes required to turn sand into solar-grade, 99.9999% pure, polycrystalline
silicon feedstock. Solar cells are made from either multicrystalline silicon or monocrystalline
wafers (as shown in Fig. 2.2). This means that, although silicon is the second most abundant
mineral in the Earth’s crust by mass [26], the cost of the purified Si wafers is a substantial
part of the whole cost of a SC.

The large deviation from the historic trend in Fig. 2.1 that occurred around 104 MWp
cumulative shipments, corresponding to the years 2004-2013, was triggered by a sharp in-
crease in the price of refined silicon that arose due to a global shortage in polycrystalline
silicon, which forced manufacturers to idle about a quarter of their production capacity in
2006 [27]. The number of manufacturers producing solar-grade polycrystalline silicon has
increased from 12 to over 100 [28] and technological improvements have further reduced
the cost of Si wafers. The costs were decreased by factors including: the introduction of
feed-in-tariffs in a number of European countries [29, 30]; the emergence of solar leasing
schemes, particularly in the USA, which dramatically increased the market for SCs [31, 32];
a number of large new fabrication facilities beginning production, particularly in China [33,
34]. Figure 2.3 shows how the price of silicon SCs has declined since 2010, and the inset
breaks up the costs into the raw material, the refined wafer, the fabrication of the SC, and
the production of the SC module. The cost of the raw material and the refinement process
account for over 30% of the SC module cost, with the rest being costs incurred in the factory.
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Figure 2.3: Price trends for polycrystalline silicon feedstock (poly-Si), multicrystalline sili-
con (mc-Si) wafers, mc-Si solar cells, and solar cell modules. Inset shows the breakdown
in the cost of a SC module in 01/2010, 01/2013, and 02/2015 (which were 1.86, 0.72, and
0.62 US$/Wp respectively). This shows that poly-Si remains the most expensive individual
material, but creating the module now accounts for almost half of the total cost of manufac-
tured SC modules. Adopted from [20], where it was assumed that wafers weighed ∼ 22.7 g
and that mc-Si cells had an efficiency of 17.3%.

2.1.1 Opportunities for Cost Reductions
As optics researchers there is not much we can do to influence the costs of manufacturing
SCs, or the economics involved in distributing and installing SC modules, however we have
seen that a substantial fraction of the cost of SCs is derived from the production of PV-grade
silicon wafers. This highlights the opportunity to cut costs by developing thin film SCs that
use a lower quantity of the valuable materials, and which may be made from lower quality
materials because the charge carriers need to travel less far to reach the contacts. While these
two attributes combine to dramatically reduce costs, we must also consider the efficiency
of the SC. As the thickness of the absorbing layer is reduced, the single pass absorption
also decreases. This is particularly problematic for indirect bandgap semiconductors such as
silicon, where the intrinsic absorptivity is very low at wavelengths close to the bandgap. As
part of this thesis we investigate nanostructures that enhance the absorption of thin films
to levels far greater than their single pass absorption value (as well as being greater than
the double pass value when the layers are placed above a mirror).

2.2 The Efficiency of Photovoltaic Power Conversion
In the previous section we discussed the cost of PV SCs; we now consider the other side of
the $/W FoM, that is, the efficiency with which PV SCs convert sunlight into electricity.
In particular, we show that decreasing the absorber volume (eg. by decreasing the layer
thickness) is advantageous for fundamental, thermodynamic reasons. The analysis however
stresses that these improvements can only be realised if the absorption of the layer is main-
tained. Techniques for producing strong absorption in thin layers are reviewed in Sect. 2.4,
before being developed further in this thesis.

The power conversion efficiency (PCE) of photovoltaic SCs is limited by two types of
processes: extrinsic losses that may ideally be reduced to zero through improved cell designs
and optimising fabrication, such as parasitic recombination, series resistance and contact
shadowing; and intrinsic losses, which on the other hand arise from energy and entropy con-
siderations and cannot be fully eliminated. Understanding the origins of these losses allows
for their contributions to be minimised, and for absolute efficiency limits to be calculated
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Figure 2.4: (a)(i) Energy band diagram of a semiconductor of bandgap energy Eg, showing the
excitation of an electron from the valance band into the conduction band after absorption of
a photon of frequency ω. (a)(ii) The initial distributions of the excited electrons and holes
is identical to the energy spectrum of the illumination. (a)(iii) After 10−12 s the electrons
and holes have thermalised, their distributions being described by quasi-Fermi levels εFC and
εFV respectively. The energy difference between these levels sets the maximum Voc of a solar
cell. (b) The band diagram of a p-n junction showing the excitation of an electron-hole pair.
The built-in potential of the junction allows the electron to pass from p → n and vice versa
for the hole. (c) I-V curve of a solar cell. The maximum power that can be extracted is
indicated by the purple rectangle. Diagrams (a) and (b) are based on [35].

as useful reference points.
We begin by describing the simplest idealization of a PV SC, and characterise the sun’s

irradiance spectrum on earth. We then review the findings of recent studies of the interre-
lationships of the loss processes, which reveal how the intrinsic losses may be reduced by
decreasing the volume of the SC absorber.

2.2.1 The Idealised Photovoltaic Cell
The simplest model of a photovoltaic solar cell consists of a direct bandgap semiconductor
with a bandgap energy, Eg. This material absorbs photons of energy Eν = ~ω, when
Eν ≥ Eg, and is transparent (non-absorptive) to photons with Eν < Eg. Here ω = 2πc/λ
is the photon’s angular frequency (λ is the wavelength and c is the speed of light in vacuum),
and ~ is the reduced Planck constant. Each absorbed photon excites an electron from the
valence band of the semi-conductor into its conduction band, creating a hole (a positively
charged vacancy) in the valence band. In the idealised SC we assume that every incident
photon with Eν ≥ Eg is absorbed, and creates one electron-hole pair.

When a SC absorbs photons, electrons are excited from the valence band into the con-
duction band, as indicated in Fig. 2.4(a)(i), and the charge carriers (electron-hole pairs) are
excited into non-equilibrium states. These excited states are extremely short lived because
energy is rapidly transferred to phonons within a matter of picoseconds (10−12 s) [35]. This
thermalisation process leaves the electrons distributed in a Fermi distributions around the
quasi-Fermi level εFC close to the conduction band, and the holes distributed in a Fermi
distribution around εFV close to the valence band, as illustrated in Fig. 2.4(a)(ii). Since
the charge carriers take microseconds (10−6 s) to diffuse to the contacts at the edge of the
cell, we considered them to be fully thermalised by the time they arrive. It is therefore the
energy difference between the quasi-Fermi levels that sets the maximum voltage that can be
extracted from the SC, where this energy qVoc (where Voc is the open-circuit voltage) must
be less than Eg due to entropy constrains that will be discussed in Sect. 2.2.5.

In order to convert the potential energy of the electron-hole pairs into an electrical current
we must extract the electron and holes from different contacts. In general, metallic strips
are used as the contacts and a p-n junction is used to separate the charge carriers. The
band diagram corresponding to this situation is shown in Fig. 2.4(b), which illustrates how
the difference in energy levels between the p and n type materials creates a potential energy
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Figure 2.5: ASTM solar irradiance spectra: AMO in green, AM1.5G in black. The blackbody
radiation spectrum for a body of Ts = 5800 K, taking up a solid angle of Ωs = 6.87×10−5

steradians is shown in blue. The arrows label the atmospheric molecules whose absorption
cause the dips in irradiance. The useful energy at the Earth’s surface is indicated by the
filled red area.

barrier that prevents electrons from diffusing from the n-type material to the p-type, and
vice versa for the holes. The contact on the n-type material therefore collects the electrons
and the holes are extracted at the contact with the p-type material. Work is done by the
circuit that connects the positive and negative contacts. A p-n junction is only one of the
many ways in which charge separation can be achieved; the fundamental principle is that
some form of one-way membrane must separate the charge carriers [35].

At short-circuit, the terminals are connected by a circuit with zero impedance (ideally by
a wire of zero resistance), so that the maximum number of electron-hole pairs are extracted
from the SC. This produces the maximum current (the short-circuit current Jsc), which
is less than the generation rate of electron-hole pairs because of losses to non-radiative
recombinations. The opposite situation occurs at open-circuit where there is no current
extracted from the SC (the connection between the terminals has infinite impedance), which
maximizes the voltage (giving the open-circuit voltage Voc). In this case all electron-hole
pairs recombine either radiatively, where they emit a photon, or non-radiatively. Under
open-circuit or short-circuit conditions there is no power extracted from the SC. The most
power that can be extracted occurs when the SC is operated at a combination of voltage
Vmpp and current Jmpp, known as the maximum power point.

The efficiency of PV SCs is defined as

η =
VmppJmpp

Pin
=
FFVocJsc

Pin
, (2.1)

where Pin is the incident power and FF < 1 is the “fill fraction” of the SC, which is given
by the ratio of the purple and grey rectangles in Fig. 2.4(c). The fill factor is influenced by
the recombination rates of the SC as well as parasitic resistive losses. The majority of the
analysis of Sects. 2.2.3 and 2.2.5 concerns the Voc achieved by SCs, where Jsc is assumed to
be equal to the number of above band-gap photons multiplied by the charge of an electron.

2.2.2 The Solar Spectrum
In order to optimise the PCE of a solar cell it is essential to consider the details of the optical
spectrum that will illuminate it. The current, internationally agreed to, solar irradiation
standard is the ASTM G-173-03, of which the AM0 and AM1.5G spectra give the values at
the surface of atmosphere and after passing through Earth’s atmosphere for a distance of 1.5

8



Carnot emission

Fr
ac

ti
on

 o
f i

nc
id

en
t 

so
la

r 
ra

di
at

io
n

1.0

0.8

0.6

0.2

0.0

0.4

Boltzmann

below Eg

power out

th
er

m
al

is
at

io
n

1 2 3
(eV)

(b)

Carnot

emission

Boltzmann

below Eg

po
w

er
 o

u
t

thermalisation

Particle energy (eV)
1 2 3 4 50

0

200

400

600

1000

800
Pa

rt
ic

le
 n

u
m

be
r 

(  
 )

I-V curve

Boltzmann

C
ar

no
t

emission

(a)

Figure 2.6: Energy losses for single junction SCs: (a) as a function of the photon energy for
a SC with optimised bandgap; and (b) as function of bandgap energy of the SC, Eg, where
the losses due to unabsorbed photons (pink) dominate as Eg increases. Adapted from [36].

times the atmosphere’s height (Air Mass 1.5) respectively. The AM1.5G (global) spectrum
is also influenced by reflections from the Earth’s surface that contribute diffuse irradiance, in
contrast the AM1.5D spectrum includes only irradiation directly incident from the sun. The
spectra are shown in Fig. 2.5, along with the blackbody spectra for the sun’s temperature
of Ts = 5800 K, which is a good match to the AM0 spectrum. The AM1.5G spectrum
shows dips associated with the absorption and scattering that occurs as the light interacts
with molecules and particles in the Earth’s atmosphere.

2.2.3 The Shockley-Queisser Efficiency Limit
In this section we consider the intrinsic efficiency losses of the idealised, single junction
SC that we described in Sect. 2.2.1. We describe the basic physics of the processes and
graphically illustrate their role in limiting the obtainable PCE, leaving their mathematical
expressions for Sect. 2.2.5.

The first expression for the fundamental limits to photovoltaic energy conversion was de-
veloped by Shockley and Queisser in 1961 [37]. Their limit, known as the Shockley-Queisser
(S-Q) limit, is still the basic reference point against which the demonstrated performances
of PV technologies are assessed. S-Q assumed (as we did in Sect. 2.2.1), that every absorbed
photon “produces a free electron-hole pair and every recombination event generates a lumi-
nescent photon” [38], that is to say that “the only recombination mechanism (considered)
... is radiative” [37], i.e. there are no nonradiative recombinations. While S-Q derived their
limit using the principle of “detailed balance”, where the SCs photocurrent is taken as the
difference between the absorbed and emitted photon fluxes, we here follow a thermodynamic
argument that is consistent with the stricter limit presented in Sect. 2.2.5.

Transmission of Sub-bandgap Photons & Thermalisation of Charge Carriers

The first shortcoming of a single junction SC is that sub-bandgap photons (Eν < Eg)
cannot be absorbed. This problem could be alleviated by using a extremely low bandgap
semiconductor, however in this case the thermalisation losses would far exceed the additional
energy absorbed. This indicates that Eg must be chosen to balance these two intrinsic losses.

Figure 2.6(a) shows the number of photons incident upon a SC from the sun as a function
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of the photon energy, where the sun is assumed to be a blackbody at Ts = 5800 K. The
differently coloured areas represent the amount of energy used by different physical processes.
The areas bounded by horizontal lines (pink and yellow) correspond to photons that are lost
from the SC. The areas bounded by vertical lines (light blue, green, orange) correspond to
the energy lost by the charge-carriers to various physical processes before being extracted.
The extracted power is indicated by the dark blue rectangle which lies within the I-V curve
shown by the dashed curve (consistent with Fig. 2.4(c)).

From Fig. 2.6(a) it is clear that neither a very large, nor a very small bandgap is ideal, as
the former produces an excessively large light blue region corresponding to the thermalisa-
tion of charge-carriers, and the latter produces an excessively large pink region where solar
photons are wasted in transmission. This is confirmed in Fig. 2.6(b) where the extracted
power is shown as a function of the material’s bandgap energy, along with the breakdown
of the energy losses.

Thermodynamic Losses

Thermodynamically, solar cells may be viewed as an engine generating work while heat flows
from the hot reservoir of the sun (Ts) to the cold reservoir of the solar cells surroundings
(Tc = 300 K). This process is reversible since an electron-hole pair may be injected into the
SC where the charge carriers recombine to emit a photon that can travel back to the sun.
The efficiency of such a process is limited by the second law of thermodynamics, with the
maximum efficiency being that of the Carnot engine. The energy sacrificed in this process
is indicated by the red area in Fig. 2.6.

In calculating the Carnot efficiency, the SC is assumed to be under full optical concen-
tration, such that all emitted photons reach the sun. Our idealised SC however has no
concentrator and therefore emits into the full half-space, Ωc = 2π, of which the sun takes
up a solid angle of Ωs = 6.8 × 10−5. This inequality results in entropy generation because
the directional order of the photons is decreased upon emission. The reduction in the usable
energy due to this irreversible thermodynamic loss is referred to as the Boltzmann factor
and is represented by the green area in Fig. 2.6.

Finally, the SC also emits thermal radiation, proportional to its temperature. Kirchhoff’s
law [39] dictates that the emission spectrum of a body is given by the product of its blackbody
spectrum and its absorption/emissivity spectrum. Thus the emission of the SC can be
calculated from its temperature using Planck’s Law [40, 41] where the absorption spectrum
that is assumed to be A(λ) = 1 for λ < λg and A(λ) = 0 for λ > λg. The charge carriers
lost due to this emission are indicated by the yellow region in Fig. 2.6.

Using this simple theory, whose variables Ts, Tc, Ωs, Ωc are known, Schockley and
Queisser calculated the efficiency limit for single junction SC as a function of it Eg as shown
in Fig. 2.6(a). The maximum efficiency is found to be 31% where the optimal material has
a bandgap of its Eg = 1.31 eV [36].

2.2.4 Lessons from Shockley-Queisser Analysis
The efficiency limits in the absence of nonradiative recombinations (Fig. 2.6) have been
known for over half a century, and the avenues they reveal for increasing the efficiency
of SCs are well understood. These involve reducing: thermalisation losses; sub-bandgap
transmission losses; and the losses due to the mismatch of the solid angle of the incident
photons and the emitted photons. The first two of these can be reduced by using multiple
materials with varying bandgaps, as discussed in Sect. 2.3. The third factor, the voltage
drop due to the Boltzmann factor (Eq. 2.6), can be reduced by using optical components
to decrease the mismatch in the emission and absorption angles. This currently only occurs
in concentrator systems, where macroscopic lenses focus light onto small, high efficiency
solar cells, as illustrated in Fig. 2.7(a). These systems are sensitive to the angle of the
incident light and are therefore typically mounted on expensive equipment that tracks the
sun. Alternatively it has recently been proposed that nanophotonic structures, such as those
shown in Fig. 2.7(b) or the Bragg-like system of [42], could be used to restrict the angle
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(a) (b)

Figure 2.7: (a) A conventional concentrated SC using a bulk optics Fresnel lens. (b) A
nanophotonic structure that restricts the emission angle of the SC. Adapted from [43].

of emission without concentrating the sunlight and without requiring the addition of heavy
bulk optics systems (although still requiring tracking).

2.2.5 Refined Thermodynamic Efficiency Limit
The S-Q limit has recently been extended to include nonradiative recombination as well as
the effects of imperfect light trapping and parasitic absorption. These developments were
somewhat controversial [43–45], but were clarified by a comprehensive study by Rau et al.
[44]. Before analysing the insights provided by the extended theory, we give the expressions
for the losses included in the S-Q analysis. Note that we here define the limiting efficiency
to be ηlimit = VocJsc/Pin (ie. FF = 1, η < ηlimit, where η is the real efficiency), which
assumes that every absorbed photon contributes to Jsc (unity carrier collection efficiency),
and disregards the decrease in current due to emission that was included in Sect. 2.2.3.
Carnot losses on the other hand are included in the calculated Voc, as are non-radiative
losses.

Figure 2.8 shows the contribution of the loss processes to the maximum obtainable Voc for
a semiconductor with the bandgap Eg = 1.38 eV (the optimal bandgap for a single junction
SC in this refined analysis). The material is assumed to have an idealised absorption of unity
above the bandgap, but has a non-zero nonradiative recombination rate. The energy lost
to transmission of below sub-bandgap photons is indicated by Ēsun(0)/|q| − Ēsun(Eg)/|q|,
where q is the charge of an electron, and the average energy of photons above the band gap
is derived from the photon flux of the sun φsun(E) by

Ēsun(Eg) =

∫∞
Eg
Eφsun(E)dE

∫∞
Eg
φsun(E)dE

. (2.2)

The entropic loss processes additively reduce the maximum achievable Voc. They can be
split into two:

Voc = V rad
oc +

kTc

q
log
(
QLED

e

)
, (2.3)

where V rad
oc is the open-circuit voltage that would be attained if the radiative processes were

the only loss mechanisms (as in Sect. 2.2.3), and the second term pertains to the performance
of the SC operated as a light emitting diode (LED). The QLED

e is the external LED quantum
efficiency, which is the fraction of the recombination events within the SC that lead to the
emission of photons into the surroundings. The recombinations events that emit photons
from the SC are contributing to fulfilling the fundamental thermodynamic requirements of
equilibrium, while all other recombinations are parasitic losses. In the following sections we
show how the basic distinction between radiative and non-radiative recombinations demands
that solar cells not only be made of high quality materials, but also that their optical
properties be designed to maximise their external radiative efficiencies.
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The Carnot limit for the reversible generation of work, making use of all photons with
~ω > Eg is

V Carnot
oc =

Ēsun(Eg)

q

(
1− Tc

Ts

)
, (2.4)

and the losses due to thermalisation can be well approximated as

V thermalise
oc ≈ Eg

q

{
1− Tc

Ts

}
+
kTc

q
ln
{Ts

Tc

}
, (2.5)

for bandgap energies typical for SCs. The Boltzmann factor for the mismatch in solid angle
of absorption and emission is

V Boltzmann
oc =

kTc
q

ln
{Ωc

Ωs

}
. (2.6)

All of these losses are included in the V rad
oc term in Eq. 2.3 and are indicated in steps (i)-(iv)

in Fig. 2.8.

Nonradiative losses

We now focus on the nonradiative processes that reduce the voltage from V rad
oc to V nonrad

oc ,
i.e. the step from (iv) to (v) in Fig. 2.8. The controversy referred to earlier stemmed from
the oversimplification of considering the entropic loss processes to be independent. The
correct expression for the energy lost due to thermalisation, the Boltzmann factor, parasitic
absorption, and nonradiative recombination respectively is given in Eq. 26 of [44],

qVoc =kTcln
[∫ A(E)φsun(E)dE∫

A(E)φbb(E)dE

]
+ kTcln

[Ωc

Ωs

]

+kTcln
[ pe

pe + pa

]
+ kTcln

[ (pe + pa)Qlum
i

(1−Qlum
i ) + (pe + pa)Qlum

i

]
, (2.7)

where we note the interrelated dependencies of the terms.
The term Qlum

i in Eq. 2.7 is the internal luminescence quantum efficiency, which is a
bulk property of the photovoltaic absorber material given by the relative rate of radiative
to nonradiative recombinations (Rrad, Rnonrad respectively). In contrast, the probability of
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radiative emission pe is sensitive to the volume of absorbing material and the optical perfor-
mance of the SC, the latter of which can be manipulated with engineered nanostructures.
It is given by

pe =
εout

∫
A(E)φbb(E)dE

4n2πScellh
∫
α(E)φbb(E)dE

, (2.8)

which is inversely proportional to the volume of the absorber – Scell is the surface area, h
the thickness and n the refractive index of the SC – and is increased when the absorption
A(E) in enhanced beyond the value given by the intrinsic absorption coefficient α(E). Here
φbb(E) is the blackbody spectrum of the SC, and the probability of radiative emission is
related to the probabilities of a photon being reabsorbed (pr) or parasitically absorbed (pa)
by pe + pa + pr = 1.

2.2.6 Lessons from Refined Thermodynamic Analysis
The important role of radiative emission, as specified in Eqs. 2.7 and 2.8, has only been
fully appreciated in the last decade, and has been accompanied by the realisation that high
intensity optical fields in small volume absorbers (precisely as created in nanostrutured
photovotaics) can substantially improve the performance of SCs.

The third and fourth terms in Eq. 2.7 express the decrease in Voc due to parasitic ab-
sorption and nonradiative recombination. These are minimised by having pe � pa and
Rrad � Rnonrad, which emphasises the importance of using materials of the highest quality
to minimise pa, Rnonrad, as well as the importance of optically designing SCs to maximise
their LED efficiency. The LED efficiency is important because it dictates the rate at which
the recombinations within the cell contribute to fulfilling the thermodynamic requirements
of thermal equilibrium with the sun, as opposed to remaining within the cell where they
may recombine non-radiatively to produce nothing more than heat. The physical explana-
tion of why smaller volume absorbers are advantageous is that the number of non-radiative
recombination sites is the product of the bulk recombination density of a given material and
the volume of that material.

The caveat to these directives is that the absorption of the structure must remain high.
This is fundamental to achieving high efficiencies (Jsc) as well as being required in Eq. 2.8
to realise large pe. Large electromagnetic field concentration inside the active medium also
increases the internal luminescent efficiency Qlum

i because the density of photons is increased
relative to the fixed number of defect states.

The findings of the refined analysis are summarised in Fig. 2.9, which shows the de-
pendence of Jsc, Voc and η on the product of a layer’s intrinsic absorption coefficient and
thickness (the single-pass absorptance), αh. The structure considered in these simulations
has a very effective (hypothetical) light trapping scheme, which for instance increases the
absorptance of the layer from a single-pass value of αh = 0.03 to A ≈ 1 (see [44] for details
of the structure and the Monte Carlo calculations). Figures 2.9(a)-(c) show the dependences
of Jsc, Voc and η on αh when the internal luminescent efficiency of the material is varied but
the parasitic absorption is taken to be zero throughout. As per the preceding discussion, the
Jsc increases with αh, while the Voc decreases, giving rise to an optimal thickness-intrinsic
absorptance combination, which is relatively independent of Qlum

i . In Figs. 2.9(d)-(f) Qlum
i

is fixed at 0.5 and the parasitic absorption is varied, which strongly affects the Jsc with
larger values of αh required to maximise Jsc and η. The enhancement of Voc decreases
dramatically in Fig. 2.9(e) when the parasitic absorption is increased, emphasising that no-
ticeable enhancements in Voc are only obtainable in materials with high radiative, and low
nonradiative recombination rates. This highlights the problem with using plasmonic metals
in SCs, as these intrinsically have substantial Ohmic losses that contribute to the parasitic
absorption. Dielectric nanostructures, in contrast, are well suited to taking advantage of the
opportunities to increase Jsc, Voc and η of SCs by engineering strongly confined fields with
low parasitic absorption.

The prediction of improved Voc values in low volume absorbers has been demonstrated
in practical devices by Sandu et al., who showed that a 43.8 nm thick films of GaAs (a
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Single-pass absorptance (  h)

Figure 2.9: Jsc, Voc and η of thin film absorbers as a function of the film’s single-pass absorp-
tance αh [44]. In (a)-(c) the parasitic absorption, ABR, is set to zero, while Qlum

i is varied
from 0.9 to 9 × 10−11. In (d)-(f) ABR is varied from 10−3 to 1 with Qlum

i = 0.5. The red
curves show the maximum obtainable Jsc, and the Voc and η in the radiative limit where
there are no parasitic losses.

material with high Qlum
i ) could have a Voc = 1.21 V [46], which is significantly higher than

the Voc of 1.12 V for bulk GaAs SCs [47]. The Jsc in this case however was so far diminished
that there was no improvement in the efficiency. A later study, also by Sandu et al., showed
that nanostructuring the ultra-thin GaAs film can increase the Jsc, while maintaining the
enhancement in Voc, thereby enhancing the PCE [48].

2.3 The Photovoltaic Zoo
We have so far examined the factors that contribute to the cost, and to the efficiency
of photovoltaic solar cells. The wide range of solar energy applications places different
emphasises on the cost, efficiency, weight, flexibility, and longevity of SCs, which allows many
different technologies to produce commercially viable SC’s by combining these attributes in
unique ways. Silicon is abundant, is very well understood after a wealth of research, and
is processed using well established industrial techniques in large-scale, existing facilities;
these factors make it difficult to displace silicon as the favoured photovoltaic material. To
compete with Si SCs, technologies must promise either significantly higher energy conversion
efficiencies, significantly lower processing costs, or both.

Figure 2.10 shows the record efficiencies of the various PV technologies as a function of
time. Not shown in this plot is the typical cost of each technology, which varies greatly
(otherwise only the most efficient technology would be viable). We briefly review the major
types of PV technologies, in decreasing order of efficiency, identifying how nanophotonics
can play a role in their development.

14



Figure 2.10: Improvement in PV efficiency of different technologies with time [49].
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Figure 2.11: (a) Schematic of spectrum splitting (from [43]). External Quantum Efficiency
measurement of triple junction SC showing EQE of each subcell (from [50]).

Multi-junctions

The largest efficiency increases beyond the single-junction S-Q limit are enabled by con-
structing SCs that contains multiple subcells, each with differing bandgap energies. The
bandgaps of the subcells are chosen so that each efficiently converts a slice of the solar spec-
trum. This solution, illustrated in Fig. 2.11(a), simultaneously targets the energy lost to
transmission of sub-bandgap photons, and to thermalisation of high energy photons. The
multiple cells are typically integrated together into a monolithic device (Fig. 2.18(a)).

Figure 2.12(a) presents the S-Q analysis of the efficiency limit for a SC containing 2
junctions, and Fig. 2.12(b) examines the efficiencies possible if up to 6 junctions are in-
cluded. The theoretical limit for 36 bandgaps, under 1000× concentration, is 72% [51]. For
comparison, the Carnot limit is 93% [51].

The record efficiency demonstrated for any SC is 46%, which was achieved by a cell
containing 4-junctions (purple squares in uppermost part of Fig. 2.10) under 297× concen-
tration. Like most conventional multi-junction SCs, the semiconductors that make up this
device are monolithically integrated (Fig. 2.18(a)). This has a number of inherent disadvan-
tages including that the subcells are connected in series, with the current of the overall SC
limited by the subcell generating the least current. This requires additional compromises to
be made in the opto-electronic optimisation of the layer thicknesses.

The major practical challenges for multi-junction SCs stem from the monolithic inte-
gration of many different materials. As shown in Fig. 2.18(a), a monolithic multi-junction
cell requires multiple layers for each subcell and then even more for the intermediate tunnel
barrier buffer layers that electronically connect the subcells. All these layers must be of very
high material quality in order to minimise parasitic losses. Their growth by epitaxial tech-
niques under ultrahigh-vacuum is complex and expensive. Furthermore, the crystal-growth
process demands that the materials be lattice-matched, which tightly restricts the materials
available. So while the PCE of these SCs can be high, their cost is bound to be high also.

High Efficiency Single Junctions

After being held by researchers at UNSW for 15 years, the efficiency record for a single
junction silicon SC was broken by Panasonic Corporation in December 2014 (full blue circles
in Fig. 2.10). The new record of 25.6%, an improvement of 0.6%, was achieved using a
heterojunction cell design featuring intrinsic (i-type) and doped a-Si:H layers on a randomly
textured c-Si wafer [52]. The high efficiencies of heterojunction cells is largely due to their
enhanced radiative efficiencies, which allow them to reach higher Voc values (as discussed
in Sect. 2.2.6). The high radiative efficiency is due to wafers of higher purity, reduced
thickness and the improved passivation provided by the a-Si layers (the record cell also has
a SiN layer at the front). The record breaking cell was exclusively back contacted, which
removed shadowing losses and increased the Jsc over previous Panasonic heterojunction cells.

The record efficiency for single junction GaAs cells was also credited to improving the
radiative performance of the SC [53]. The record of 28.8% is held by Alta devices (purple
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Figure 2.12: (a) Energy conversion efficiency as a function of number of band gap energies,
showing how the efficiency is reduced due to different processes. (b) Efficiency breakdown
of a tandem SC showing efficiency losses. Adapted from [36].

open, upright triangles in Fig. 2.10), who developed an epitaxial lift-off technique that
creates very pure GaAs wafers, free of the impurities that diffuse into typical GaAs wafers
during the growth process [54]. Thin silicon wafers of improved quality may also be created
by epitaxial lift-off processes or wafer splicing techniques [55]. With c-Si SC approaching
what is seen to be their practical limit of 26% [56] the challenges for these technology lie
in transitioning these devices into commercial manufacturing and reducing their costs, for
recent progress see [57].

Standard Silicon Cells

The SC market remains dominated by Si SCs (single-crystalline and multi-crystalline) that
typically have module efficiencies in the range of 17-23%. The underlying technology of
these cells has been stable for many years, with cost reductions and efficiency enhancements
coming mostly from improvements in industrial processing, as discussed in detail in Sect. 2.1.

Thin Film Technologies

Figure. 2.10 contains many green data points that represent technologies that use thin films
(h < 1 µm) as their active layers including amorphous silicon (a-Si), copper indium gallium
selenide (CIGS), cadmium telluride (CdTe). These materials are cheaper than conventional
semiconductors and are strongly absorptive, however their electrical properties are quite
poor which limits the thickness of the active layer and their efficiencies to 13.6% (stabilized)
[58], 21.7% [59] and 21.5% [60] respectively.

The “tremendous market fluctuations” [20] in the solar industry over the last five years
have been particularly dramatic for these technologies, where companies were borrowing
heavily to carry out research and development. The price rise in polycrystalline silicon
wafers saw investments boom while the recent price drop in $/W of Si SCs has caused many
of these companies to declare bankruptcy [61].

Another thin film approach is to use conventional semiconductors, such as c-Si, InP and
GaAs, but with thicknesses of h ∼ 1−10 µm rather than the h ∼ 200 µm used in current
commercial cells. This reduces costs, but also reduces the absorption unless the cell design
is modified to introduce strong light trapping. Since traditional light trapping schemes are
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incompatible with thin films, as they rely on macroscopic surface textures, such as inverted
pyramids, that themselves are approximately 10 µm tall, there has been substantial research
into using nanophotonic structures to achieve enhanced absorption and light trapping, as
discussed in Sect. 2.4.

Emerging Technologies

The lowest efficiency technologies, shown in orange in Fig. 2.10, are also by far the cheapest.
They are made of materials such as dyes (PCE 11.9%) [62], or organic polymers (PCE
11.5%) [49], which are very cheap, and can be processed into SCs using roll-to-roll processes
that are cheap to run and have high throughputs. In addition to their price, these SCs
are generally also flexible, which together with their cost opens up new applications and
markets. Flexible SCs have also been made using thin-film semiconductors such as Si and
GaAs, however the market for these is slightly different because they are more expensive.

Another class of materials being developed for SCs are “earth abundant” semiconduc-
tors, such as FeS2, CuO, and Zn3P2 [63, 64]. These are inexpensive with large deposits
distributed across the globe, making them far less geo-politically sensitive than Te and In.
These materials are typically strongly absorbing at solar wavelengths, however their electri-
cal properties are very poor, limiting their thicknesses to ultra-thin films (h < 0.1 µm).
Achieving decent PCEs with such materials will require substantially different cell designs
that balance the competing demands of their opto-electronic properties. Addressing this
challenge is one of the motivations of Ch. 7.

The technologies in this category are under pressure from the falling price of Si SCs, as
well as the emergence of a new class of SC materials - perovskites. Perovskite SCs use a
similar volume of active absorber material and are set to target a similar market to existing
thin film technologies. The fundamental material properties of these materials are still poorly
understood, with major issues surrounding their stability (the efficiency of current state of
the art cells drops to essentially zero after a matter of days), their mechanical strength,
and their decay with exposure to the elements. Despite this, the PCE of perovskite SCs
has increased at an unprecedented rate shown in the yellow circles orange lines in Fig. 2.10,
which has created great excitement in the scientific [65, 66] and broader communities [67–
69]. We leave a more detailed discussion of perovskite SCs for Ch. 6.

Third Generation Photovoltaics

In addition to these existing PV technologies there are numerous exotic systems under in-
vestigation. These try to capture the energy lost to thermalisation in conventional single
junction SC by exploiting multiple-exciton interactions, collecting hot-carriers [70], or by
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Figure 2.13: Hot-carrier solar-cell concepts. (a) Three currently considered hot-carrier solar-
cell strategies: direct extraction of hot carriers through energy-selective contacts, application
of an intermediate-band-assisted absorber and using multiple exciton generation, when a
hot carrier induces additional excitations across the bandgap. (b) The concept of optical
extraction: hot carriers transfer their excess energy to nearby Er 3+ ions, which subsequently
emit infrared photons. VB, CB and IB stand for valence, conduction, and intermediate band,
respectively. [70]
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using downconversion materials; or they minimise the energy lost to sub-bandgap transmis-
sion by making use of intermediate-bands [71, 72], or using additional materials to upconvert
photons [73]. Figure 2.13 shows three hot-carrier SC concepts as well as a schematic for op-
tical extraction. These concepts are still in the basis stages of development and it is unclear
which, if any, will come to fruition. We do not consider them further than mentioning
that some potential may exist for the engineering of photon-phonon interactions as is being
explored in phononic crystals [74].

2.4 Opportunities for Photonics
There is room for improvement in the many stages that make up the costs of SCs, and
there are many ways in which the efficiency, weight, flexibility, and longevity of SCs may
be improved further. The research communities engaged in addressing these challenges are
diverse. For photonics researchers there exist two main opportunities: increasing the absorp-
tion of thin and ultra-thin PVs (targeting cost, weight, flexibility); and creating components
that enable new SC designs, such as inexpensive tandem SCs (targeting cost vs. efficiency).

We pursue these goals by designing dielectric nanostructures to control the flow of sun-
light through the SC. This is similar to the work on plasmonic SCs where the propagation of
light is manipulated by tailoring the plasmonic resonances of metallic nanoparticles. Plas-
monic structures have received a lot of attention in the last decade [75–77], however there
have been only a very limited number of demonstrations of enhanced efficiencies of realistic
cells [78, 79]. This is because the use of metals invariably introduces parasitic losses in the
form of Ohmic losses in the metal. The detrimental impact of these losses was highlighted
in the analysis of the Sect 2.2.5. In our work we focus solely on weakly-absorbing semi-
conductors that offer the potential for substantial control of light with minimal parasitic
absorption.

2.4.1 Absorption Enhancement in Thin Films
Anti-reflection

The simplest light management structures are anti-reflection (AR) coatings, which, as im-
plied in the name, reduce the reflection off the front surface of a cell. The two main types
of AR coatings used in conventional SCs are: graded index layers, as shown in Fig. 2.14,
where the front surface is textured, for instance by creating random pyramids [80] or in-
verted pyramids [81], so as to smooth the transition in the refractive index from the incident
medium to the absorbing layer; and dielectric interference layers that consists of a uniform
layer of optical thickness nh = λ0/4, so that the light (of wavelength λ0) reflected off the
front of the layer is out of phase with the light that has passed through the layer and has
been reflected off its bottom surface.

Textured surfaces are used in conventional, thick SCs and are effective across the entire
solar spectrum, however they are incompatible with thin absorbers because they themselves
typically penetrate 1-10 µm into the absorber. Quarter wavelength layers on the other
hand can be added to thin absorbers but are only effective for wavelengths around λ0

(their thickness also detracts from the weight and flexibility of the thin films). The two
approaches are generally combined in Si SCs, with the textured surface being coated by
quarter wavelength layers of SiN/SiO2, as is done in the “PERL” (passivated emitter with
rear locally diffused) cell [82].

The primary problem with AR coatings on thin absorbers is that they do not prevent
losses due to transmission through thin and/or weakly absorbing layers. Assuming a perfect
AR coating as well as a perfect back reflector, the absorption of a layer of thickness h is given
by A = 1 − e−2αh, where α = 4πn′′(λ)/λ is the attenuation coefficient in a medium with
complex refractive index n = n′ + in′′. To address the problem of incomplete absorption
in SCs with modest values of αh we must develop techniques that “trap” light within the
absorbing layer so that the light experiences an effective path length greater than 2h.
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Figure 2.14: Anti-reflection layers: (a) random pyramidal surface texture (b) inverted pyra-
mids surface texture [83].

(c)(b)(a) (d)

Figure 2.15: Dielectric light trapping designs: (a) a bi-periodic array of Mie scattering parti-
cles; (b) periodic array of horizontally aligned nanowires; (c) a bi-periodic array of vertically
aligned nanowires; (d) front and backsurface pyramids. Because one-dimensional arrays are
highly polarisation sensitive and sunlight is unpolarised, it is generally preferable to use
bi-periodic structures as in (a), (c), (d). In all cases light is incident from above. (a)-(c)
Adapted from [90] and (d) from [91].

Light Trapping

Light trapping techniques were originally developed to address the poor performance of
silicon SCs at wavelengths close to the band-edge. In this case the typical approach is to
design the AR surface texture (such as inverted pyramids) to scatter light into the absorbing
layer at oblique angles, which increases the likelihood that the light is totally internally
reflected thereby increasing the light’s path length within the layer.

In thick SCs it was found that the greatest absorption enhancement was produced by a
fully randomised surface texture because this scatters light with a Lambertian distribution
[84]. With an ideal Lambertian scatterer the absorption enhancement factor is 4n2/sin(θ),
where θ is the angle of the emission cone in the medium surrounding the cell. This limit
is derived using geometric ray optics and is only applicable to absorbers much thicker than
the wavelength. In the nanophotonic regime, where the propagation of light is governed by
wave-optics and modes are confined on a deeply-subwavelength scale, the conventional limit
may be exceeded. This was shown by Yu et al. who derived a generalised enhancement limit
using statistical temporal coupled-mode theory [85, 86] and has also been shown numerically
for various structures [87–89].

The optical modes are confined within the high index material because is their in-plane
wavevectors exceed those of the propagating modes of the surrounding media. Coupling
energy into these modes requires a diffractive element that provides the additional required
momentum via its reciprocal lattice vectors. The diffractive structure may be placed above,
below or within the absorbing layer; or alternatively the absorbing layer itself may be pe-
riodically nanostructured. Our review of light trapping structures is arranged around this
distinction.

Textured Surroundings

Figures 2.15(a)-(c) shows three types of simple light trapping nanostructures that have been
used to enhance the absorption of the (green) semiconductor: (a) an array of Mie scatterers;
(b) a one-dimensional array of horizontally aligned nanowires; (c) a two-dimensional array
of vertically aligned nanowires. The periodic arrangement of the particles enables them to
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Figure 2.16: Light trapping using spherical scatterers. (a) SEM image from [92]. (b) Schematic
showing different resonance pathways, the electric fields of which are shown in: (c) a mixture
of a Mie resonance of the sphere and a guided mode resonance of the film; (d) a Fabry-Perot
resonance of the thin film; (e) a waveguide mode resonance that is coupled to free space via
the reciprocal lattice vector of the array; (f) a diffracted resonance, where the guided mode
propagates laterally in the layer made up of the spheres. Adapted from [90].

couple light between the plane waves of free space and the guided modes of the substrate.
The particles themselves also support resonant modes, which, on resonance, greatly increase
their scattering strength beyond their geometric size.

An inherent limitation of one-dimensional gratings (b) is their polarisation sensitivity
(see for example [93, 94]). The difference between (a) and the taller structures in (c) is that
the tall nanowires (NWs) support waveguide modes, whereas the particles in (a) behave
as Mie scatterers. As external scatterers we focus on (a), leaving the physics of vertically
aligned NWs for Chapts. 4 and 5. A study of NW arrays as a window layer is contained in
[95], where an efficiency of 17% was achieved in a GaAs SC.

The use of Mie resonators in SCs has been primarily developed by Polman et al. [96, 97].
They have shown that two-dimensional, periodic arrays of subwavelength silicon nanocylin-
ders placed onto a SC can provide both very good anti-reflection performance [96] as well as
strongly enhancing the absorption through light trapping [97]. Their central finding is that
the Mie resonance can be designed to strongly preferentially scatter light into the high-index
substrate where there is a high optical density of states. Figures 2.16(b)-(f) illustrate the
four avenues by which the spheres, shown in Fig. 2.16(a), can enhance the absorption of
the substrate layer (of the same refractive index) [90]. The processes labelled 1 and 4 in
Fig. 2.16(b) are resonances of the spheres, while in 2 and 3 the spheres are intermediaries
to the excitation of resonances within the film. The electric field intensity distributions
corresponding to the resonances are shown in Figs. 2.16(c)-(f).

A more complicated light trapping structure is shown in Fig. 2.15(d), where the pyramids
at the front interface are designed to reduce reflections, with a long narrow profile that slowly
bridges the refractive index difference, and a small period so that extra propagating orders
are not excited. The pyramids at the back meanwhile are short and are arranged with a
larger period so as to trap the light by diffracting it sideways. Their precise dimensions were
found by a numerical optimisation in [91], where they were shown to achieve an absorption
very close to the Lambertian light trapping limit.

A major advantage of using light trapping structures that are separated from the ab-
sorbing layer is that the electronic properties of the absorber are unchanged. Structuring
the absorber directly on the other hand increases the surface area and the associated sur-
face recombinations, which requires specialised passivation techniques for these effects to
be minimised. The advantage of nanostructured absorbers is that they can achieve greater
optical confinement.
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Figure 2.17: Schematics of: (a) a nanowire arrays; (b) a nanohole array; (c) a multi-diameter
nanowire array (from [102]) and; (d) a nanocone array (from [102]). In all cases light is
incident from above.

Structured Absorbers

An alternative route to exciting guided mode in the absorbing region is to structure the
absorbing layer itself. This can be done by introducing low refractive index inclusions
into the high index absorbing layer, or by creating isolated regions of high index absorber
surrounded by a low index background. The canonical embodiments of these structures are
nanohole (NH) and nanowire (NW) arrays respectively, which are shown in Figs. 2.17(a),
and 2.17(b).

In both cases the dilution of the high refractive index of the absorber with a material with
lower index reduces the reflection. Variations of these structures can be made by tapering
the inclusion along the axis of the wires/holes (vertically), which reduces the reflection even
further due to a more gradual transition in the effective index of the structures. A large range
of different shapes has been studied, including: nanocones [98] (Fig. 2.17(d)); nanodomes
[99]; nano-conical-frustums [100]; dual-diameter [101] and multi-diameter nanopillars [102]
(Fig. 2.17(c)); and nano-syringes [103] (for reviews see [90, 104]).

In Chapters 4 and 5 we focus on NW arrays and, to a lesser extent, NH arrays, as the
simplest and definitive examples of nanostructured absorbers. We present a detailed review
of the associated literature in the introduction of Ch. 4, before examining the different
optical processes that contributing to the strong light trapping.

2.4.2 Spectrum Splitting
In Sect. 2.3 we discussed how substantially higher PCEs could be achieved by combining
multiple SCs with different bandgaps because these reduce the amount of energy lost to
thermalisation and to sub-bandgap transmission. The major drawbacks of these cells are
the high costs incurred due to specialised growth techniques, and the restriction placed on
material combinations because the crystal lattice constant of all materials must be closely
matched in order for them be grown on top of one another.

An alternative approach is to construct multi-junction SCs from mechanically decou-
pled single junction SCs. This can be done by stacking SCs on top of each other or by
using spectrum splitting optics to direct the appropriate part of the solar spectrum to the
each SC, as illustrated in Fig. 2.18(b). Creating these devices is far simpler than that of
monolithically integrated multi-junctions (Fig. 2.18(a)) because each SC can be fabricated
independently with no constraints on the materials used in each SC. Another distinction is
that the subcells of decoupled multi-junctions can be electrically connected in parallel so
there is no penalty of the cells having different currents; monolithic structures in contrast
are intrinsically connected in series so the current of the total device is set by the subcell
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Figure 2.18: (a) Monolithically integrated multi-junction cell, adapted from [50].
(b) Schematic of spectrum splitting, adapted from [43]

with the lowest current. A drawback of connecting subcells in parallel is that each circuit
needs an inverter, however this may be alleviated by adjusting the relative areas of the cells
so that their current is matched, and then connecting them is series [21].

The development of mechanically decoupled multi-junction cells has recently seen a resur-
gence of interest, driven by two exciting opportunities: the development of ultra-high ef-
ficiency devices with efficiencies of over 50% [43], using a greater number of subcells than
can be realistically integrated monolithically, and; the creation of relatively inexpensive high
efficiency (η > 30%) tandem SCs based on cheap silicon SCs [105]. The challenge in realising
these efficiency targets lies in the creation of low loss nanoscale components that split the
solar spectrum into broadband slices that are directed to the appropriate subcells. In Ch. 6
we investigate the physics of dielectric gratings and how they can be used for this task.

2.4.3 Fabrication of Photovoltaic Nanostructures
The advantages of incorporating nanostructures into SCs has been proven theoretically and
experimentally, but their use in commercial SCs remains hindered by the constraints on
their fabrication. While experimental demonstrations can use photolithography, as is widely
used for fabricating electronics and nanophotonic circuits, this technique is too expensive
for mass production. There are therefore great interests in developing fabrication techniques
that are low-cost, high-yield, and scalable. Potential methods include colloidal lithography,
nano-imprint lithography (NIL) and roll mask lithography.

Figure 2.19(a) illustrates how roll mask lithography transfers a pattern from the outside
of a quartz cylinder into the photosensitive substrate by the ultraviolet light coming from
the inside of the cylinder. This technique is being commercialised by Rolith [106], who
have demonstrated roll-to-roll processing over meter scaled substrates, Fig. 2.19(b). Nano-
imprint lithography involves creating a reusable stamp from a master structure, which is
typically created using expensive electron-beam lithography, and then reusing the stamp
many times to fabricate many structures. There are three types of NIL that are distinguished
by the type of stamp they use: hard-NIL, which uses a rigid high resolution stamp over
small areas; soft-NIL, which uses silicone stamps over larger areas with reduced resolution;
and substrate-conformal imprint lithography (SCIL), which uses a composite rubber stamp.
Figure 2.19(c) shows a schematic of SCIL [107, 108], where the stamp is deposited gradually
into the substrate to minimize the trapped air, and thereby achieve higher resolution than
conventional soft-NIL but with the low-cost, flexibility, and robustness of rubber stamps.
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SCIL has demonstrated sub-10 nm resolution over 15 cm diameter substrates [107] and
has also been adapted to fabricate metallic nanostructures when combined with etching
techniques [108]. Another lithographic technique is shown in Fig. 2.20 where colloidal SiO2

nanoparticles are deposited on the substrate, distributed into a close-packed monolayer or
few-layer film using a wire-wound rod, and then used as the etch mask.

Figure 2.19: Examples of large scale nanofabrication techniques. (a) Illustration of the rolling
mask lithography technique and (b) an example of this technique being used to cover a
meter long glass panels with nanostructures. (c) Schematic of substrate conformal imprint
lithography, where the stamp is gradually pressed into the substrate. (d) A silicon wafer
(bottom left), a commercial photovoltaic wafer (back), and a silicon wafer covered with Mie
scatterers (bottom right). Inset shows a SEM micrograph of the Mie scatterers (125 nm high
silicon cylinders arranged with a period of 450 nm) [107].
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Figure 2.20: Schematic of a wire-wound rod being used to deposit close-packed monolayers or
multilayers of SiO2 nanoparticles on a substrate [109]. This pattern can then be transferred
into the substrate to form nanowires or nanocones with distinct refractive-index profiles [98].
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Epilogue
We presented a review of current SC technologies and the research directions being pursued
to improve them, both in terms of their efficiency and their cost. Our analysis highlights
a number of opportunities where nanophotonics, and in particular dielectric nanostructures
can provide valuable contributions to these improvements. In this thesis we investigate the
optical physics of different nanostructures, some of which enhance the absorption of thin
films through light trapping, while others enable new types of multi-junction cells.
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Chapter 3

EMUstack: The Workhorse

If we had a military division with the ...
carrying capacity of these birds (Emus),
it would face any army in the world.

Major Meredith
(the Great Emu War of 1932)

Why is the sky blue; the clouds white; and why does the sky turn red at sunrise and
sunset? The answer to each question, which have fascinated humankind throughout the
ages, arises from a common origin: that light behaves in interesting ways when it interacts
with particles that are approximately the same size as the wavelength of the light. At a
fundamental level, this thesis extends our insight into similar interactions.

At these scales, light interacts with matter as a wave and we cannot use the approxi-
mations of ray-optics. In order to carry out our investigations we require a simulation tool
that solves the full Maxwell equations, and does so in a manner that produces the most
physically intuitive results.

In this chapter we present the semi-analytic method that we employ thoughout the
remainder of the thesis. The approach and its implementation is summarised in Paper 3.1,
where we highlight some of the physically meaningful quantities that we have access to. A
detailed description of the mathematical formalism of the approach is given in [110].

Figure 3.1: The sky over Tennant Creek (during the writing of this chapter) and a dusty
sunrise over Western Arnhem Land.
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We are generally interested in the behaviour of structures under constant illumination,
so we assume the fields to have harmonic, e−iωt, time dependences and solve for steady state
solutions of the macroscopic Maxwell equations,

∇×H = −i k εE , ∇ · (εE) = 0 , (3.1)
∇×E = i k µH , ∇ · (µH) = 0 . (3.2)

Here ε and µ are the relative dielectric permittivity and magnetic permeability respectively
and the magnetic field H has been rescaled as Z0H →H, with Z0 =

√
µ0/ε0, the imped-

ance of free space.
We typically focus on situations where interfaces occur in the x-y-plane, as in Fig. 1 of

Paper 3.1. In these cases it is convenient to separate the fields into

E‖ = E(x, y), E⊥ = E(z), (3.3)

and likewise for H. Similarly, we separate the wavevector k = nk0 = n2π/λk̂ into

k‖ = k(x, y), k⊥ = k(z), (3.4)

such that

k =
√
k2
‖ + k2

⊥k̂. (3.5)

If n is real, there exist two classes of waves; those with real k that propagate energy
without loss, and those with negative imaginary k that decay exponentially and do not
propagate any energy through an infinitely thick medium. When the refractive index is
complex, n = n′ + in′′ =

√
µε, all waves have complex k and propagate with some decay in

amplitude.

Prelude to Paper 3.1
We now present an outline of the simulation package that we have created, and which was
used throughout all of our investigations:

B. C. P. Sturmberg, K. B. Dossou, F. J. Lawrence, C. G. Poulton, R. C. McPhedran, C. M.
de Sterke and L. C. Botten. “EMUstack: an open source route to insightful electromagnetic
computation via the Bloch mode scattering matrix method”. Computer Physics Communi-
cations (In Press)
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1. Introduction

Solving Maxwell’s equations in structured media is no longer
the challenge it historically has been; there exist a wide range of
commercial and free software that can simulate the interaction
of light with a wide variety of structures. The real challenge
now in computational electromagnetism lies therefore not in
solving Maxwell’s equations, or even doing so most efficiently;
but rather it lies in doing so in a way that produces the most
physically insightful results. To this end, many specialized tools
have been developed that simulate a restricted subset of systems
with improved detail, exploiting additional knowledge about the
class of systems. If a tool is tailored to a restricted subset of systems,
it can apply physical constraints to reduce the dimensionality
of the problem. Examples of such methods include: photonic
band solvers [1], boundary element or multipole methods [2,3],
impedance methods [4], and beam propagation methods [5,6].

Here we present an approach that ploughs the middle ground;
it restricts itself somewhat in problems, in exchange for improved
physical insight. It allows us to calculate the propagation of light
through structured layeredmedia by solving for the eigenmodes of
each layer, and calculating the scatteringmatrices of the interfaces
that describe the coupling of light between the layers. Accelerated
numerical performance is a further reward of the restriction as
many calculation steps have closed-form matrix representations.

Our program, codenamed EMUstack (Electromagnetic MUlti-
layered stack) [7], is a type of Scattering Matrix Method (SMM)
where the eigenmodes of nanostructured layers are found using
the Finite Element Method (FEM). The use of the FEM endows
EMUstack with a greater generality than existing SMMs, in
particular when simulating structures that include fine high
index inclusions. Advantages of using the FEM include being able
to adaptively mesh geometries, faster convergence of the BM
expansion, and avoiding the Gibbs phenomenon that occurs in
Fourier based methods (these are discussed in detail in Section 3).

The program takes light of a chosen k-vector (wavelength
and angle of incidence) as the input and outputs the fields and
propagation constants of the modes of each layers, as well as the
reflection and transmission scattering matrices of the interfaces of
each layer with air and of the interfaces between adjacent layers.
With these quantities we can solve driven problems, such as the
transmission, reflection in each of the diffracted orders and the
absorption within each layer of the structure, as well as undriven
problems, such as the resonances of the structure. These results
allow us to extend the physical intuition of thin film optics to
complex structures as highlighted in Section 4.

Similarly to other SMMs, such as Rigorous Coupled Wave
Analysis (RCWA) [8] and the Fourier Modal Method (FMM) [9–11],
structures must meet two fundamental requirements to be

Fig. 1. Illustration of a multi-layered structure that is compatible with EMUstack.
The layers 0 through M all may be regarded as sharing a common period, and each
layer is invariant in the z-direction. The unit cell is marked with black lines. In this
example layers 0,M are semi-infinite layers of air and all 2D nanostructures are on
layer M-1.

compatible with EMUstack: they must be composed of a finite
number of z-invariant layers, and each layer must be able to be
regarded as sharing a common in-plane periodicity or be uniform
(see Fig. 1). We note that the differential method [12] and the
C-method [13], which are related to the SMM, can handle non-
planar layers.

EMUstack is specifically designed to study materials that are
lossy. In the current versionmaterials must be linear, isotropic and
non-magnetic. The top and bottom layers must be semi-infinite
in the z-direction but may still be lossy and/or nanostructured,
although in such cases EMUstack cannot solve the driven problems
(calculating energy fluxes).

A detailed description of the mathematical formalism has been
given by Dossou et al. [14], and in this article we outline the open-
source implementation of this method. A detailed user manual is
available online [15,16] so we here focus on the unique features of
EMUstack and the physical insights it enables.

The remainder of this paper is organized as follows: in Section 2
we outline the numerical method; in Section 3 we describe our
implementation and demonstrate how EMUstack is used; and in
Section 4 we present examples that illustrate the type of results
obtained with EMUstack.

2. Approach outline

The central idea of SMMs is to separate the scattering of light
at interfaces from the propagation of light through layers. The
electromagnetic field is described by a superposition of modes
that acquire phase and decay/grow while propagating in the
z-direction, but do not couple to one another, except at layer
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boundaries. Interfaces are described by scattering matrices, Tij,Rij,
which describe the transmission and reflection at the interface
between layers i and j, incident from i. The propagation within
layer i is represented by multiplication by a diagonal matrix Pi.
Calculating these matrices relies on knowing the eigenfunction
solutions of Maxwell’s equations in each layer, which is the most
fundamental part of the calculation.

The eigenfunctions of periodic structures are Bloch modes
(BMs), whose functional form matches the periodicity of the
refractive index of the layers. In homogeneous media, which may
be considered to have arbitrary periodicity, the BMs simplify to a
Fourier series of spatial harmonics that correspond to the plane
wave diffraction orders (PWs). Throughout the paper we will use
the term ‘modes’ to refer to the general class of BMs (including the
PWs), while ‘orders’ refers exclusively to PW diffraction orders.

While the fields and propagation constants of the PWs are
known analytically, the Bloch modes of the structured layers must
be found numerically. EMUstack does this using a fully-vectorial
FEM routine, which solves a generalized eigensystem wherein the
BMs complex vertical (z) propagation constants γs are the square
roots of the eigenvalues, and the eigenvectors are the BMs’ in-plane
field distributions Es(x, y) [14]. As a frequency domainmethod, we
assume an e−iωt time dependence and the electric field is written
in terms of the BMs as

E(x, y, z) =


s

(c+

s ei γs z + c−

s e−i γs z) Es(x, y), (1)

where c±
s are the amplitudes of the upward and downward

propagating BM s. The corresponding form for the transverse H
field is given in Eq. (10) of [14].

Eq. (1) shows how the vertical propagation of the field is
separated from the in-plane components, and how each mode
propagates with a simple exponential dependence independently
of all others. In homogeneous layers, where the BMs are PWs, the
propagation constants are γs =


k2 − α2

p − β2
q , which are related

to the incident k-vector k0 = (α0, β0) and integer multiples p, q
of the reciprocal lattice vector G = 2π/di where di is the period of
the structured layers in the i-direction:

αp = α0 + p
2π
dx

, (2)

βq = β0 + q
2π
dy

. (3)

The current version of EMUstack only handles square and
rectangular unit cells.

Since we have expressed the fields in homogeneous layers and
in structured layers in different bases, it is critically important that
we truncate each series in a consistent manner. The FEM routine
finds the requested number of eigenvalues (BM propagation
constants) γs that lie closest to a reference value γref. It is desirable
to choose a value of γref that is close to the propagation constants
γs of the BMs that dominate the expansion Eq. (1). Since the modal
expansions Eq. (1) must be matched at the relevant interfaces, the

value γref =


Re(nmax)2 k20 − α2

0 − β2
0 is a reliable choice, where

nmax is set to the largest refractive index in the layer. We select the
real part of nmax because complex values can split a conjugate pair
of eigenvalues.

Once the eigenfunctions of each layer have been found, the
problemhas been reduced to quadrature andmatrixmanipulation.
We construct the scattering matrices by taking field overlap
integrals and Pi is assembled from the propagation constants.
The transmission matrices Tij are composed of the transmission
coefficients of each incident mode of layer i into each mode of
the lower layer j. Similarly, the reflection matrices Rij contain the

reflection coefficients for every permutation of incident modes
and reflected modes (both in layer i). The change in phase and
amplitude due to propagation through a layer m of thickness h
is accounted for by the diagonal matrix Pi = diag [exp(i γm h)],
where γm is a vector containing the propagation constants of the
modes of layerm.

To calculate the Fresnel scattering matrices Tij,Rij we enforce
the continuity of the tangential components of the E and H
fields across the interface. We use the Galerkin–Rayleigh–Ritz
method [17], projecting the electric field PW expansion of one
side onto the BM expansion for the magnetic field of the other
side and vice versa. This involves taking the overlap integrals of
the modes, which is done analytically for homogeneous layers and
numerically for structured layers. Full expressions for these are
given in Eqs. (58), (59), (71), (72) of [14]. Using this approach we
have avoided the numerical instability problem, known as relative
convergence [18], which can occur when the PW expansion and
BM expansion are projected onto modes from only one side of
the interface. The appendices of [14] present stringent test of the
completeness of the modal expansions, of energy conservation
and adherence to the reciprocity relations. When these criteria are
satisfied we are assured of the accuracy of both near field and far
field quantities.

EMUstack calculates the Fresnel scattering matrices for the
interface of each layerwith air. In thisway each layer is represented
in a standard way that is independent of its neighbours, which
eases the process of combining the layers into stacks and allows
the layers to be rearranged arbitrarily. When structured layers
are placed in close proximity, the highly evanescent orders in
the adjoining media have large amplitudes. This requires the
inclusion of many PW orders in the simulation, and is particularly
challenging when structured layers are placed in direct contact so
that the coupling between them occurs in an infinitesimally thin
air layer where all PW orders (including all evanescent orders)
propagate energy. Such structures are inherently extremely
challenging for SMMs. The convergence of our method for a
structure where two metallic inclusions of differing shapes are
stacked upon one another is studied in the Appendix.

Once the Fresnel scattering matrices have been calculated
for each interface the problem is reduced to solely algebraic
operations. The reflection and transmission matrices Rij, Tij that
describe the scattering properties of a multi-layered structure in
its entirety, and the absorption in each constituent layer are but
a few of the quantities that can be obtained. We can also find the
resonances of the structure by solving the homogeneous problem
where there is no driving field. The versatility of the scattering
matrix approach will be demonstrated in Sections 3.4 and 4.

The total scattering matrices of the stack are generated by
recurrence relations. We start at the top edge of the bottom semi-
infinite layer, where there is no upgoing wave (see Fig. 1). The
scatteringmatrices T20, which describes the transmission ofmodes
from layer 2 through the finitely thick layer 1 into the substrate 0,
and R20, which details the reflection of modes back into layer 2 off
the combined structure of layers 1 and 0, are given by

T20 = T10P1(I − R12P1R10P1)
−1T21, (4)

R20 = R21 + T12P1(I − R10P1R12P1)
−1R10P1T21. (5)

To include consecutively higher layers we replace R10 → R20,
T10 → T20 and P1 → P2, to obtain

T30 = T20P2(I − R23P2R20P2)
−1T32, (6)

R30 = R32 + T23P2(I − R20P2R23P2)
−1R20P2T32. (7)

When the top semi-infinite layer is reached we have arrived at
RM0, TM0, which describe the reflection off, and transmission
through, the entire layered structure.
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Fig. 2. Schematic of nanowire and nanohole arrays, with period d, radius a, and of thickness h. In the shown cases the arrays are suspended in air.

To calculate the propagation of energy through the structurewe
map an incident field, composed of a superposition of diffraction
orders, onto the scattering matrices. A convenient feature of the
scattering matrix approach is that the absorption within each
layer can be calculated straightforwardly, which is important for
the photovoltaic applications for which EMUstack was developed.
Doing this with finite difference methods is computationally
onerous.

Having given a brief overview of the method’s framework, we
next discuss the implementation and run through the steps of a
basic EMUstack calculation that illustrates how EMUstack is used.
For further details on themathematical formalismwe refer readers
to [14].

3. EMUstack implementation

EMUstack is designed as a research tool for the scientific
community. Its source code repository is freely available [15] and
comes with examples and tests. Full documentation including
an installation guide and a manual describing all subroutines is
contained in the repository aswell as being hosted on theweb [16].
EMUstack combines the low-level power of Fortran with the
dynamic features of the scripting language, Python. EMUstackmay
be easily modified by users thanks to being written in widely used
languages, being thoroughly documented and being published as
an online repository. The valuable contributions of users have been
incorporated into the program. Following the Unix philosophy to:
‘‘Write programs that do one thing and do it well’’, EMUstack
comes without a graphical user interface; instead we provide
Python modules.

An example EMUstack simulation script is shown in Fig. 3.
This simulates the sparse Nanowire (NW) array (Fig. 2(a)) studied
in [19], exceptwith a silica spacer layer and silvermirror. Using this
script as a reference, we discuss the implementation and efficient
use of EMUstack in Section 3.1. In Sections 3.2, 3.3, we examine
the calculation steps involved in finding the Fresnel scattering
matrices of each layer and the scattering matrices of the stacked
structure respectively. In Section 3.4 we demonstrate how the
scatteringmatricesmaybemanipulated easily to generate physical
results. Formore detailed descriptions of the routines thatmake up
EMUstack we direct readers to the documentation [16]. Readers
who are less interested in the implementation of EMUstack may
wish to proceed straight to Section 3.5, where we summarize the
physical quantities that EMUstack calculates.

3.1. Optimization and parallelization

Solving to find the BMs is by far the most computationally ex-
pensive step in EMUstack. We therefore carry out this calculation
in a Fortran subroutine using f2py [20], which creates a Python
wrapper around the Fortran source code, with pointers to memory
blocks being passed directly to Python. This allows users to interact
with EMUstack purely using Python. By default we use open source

linear algebra libraries LAPACK [21] and UMFPACK [22]; commer-
cial libraries such as Intel MKL [23] may be used for better perfor-
mance.

As a frequency domain solver, EMUstack treats each wave-
length independently and spectral calculations are therefore ‘‘em-
barrassingly parallel’’, where the calculation of each wavelength
may occur on separate CPUs in parallel without any communica-
tion between them. To maximize the speed enhancement of par-
allelization we do not introduce any parallel elements into each
wavelength calculation, though users may use parallel versions of
the linear algebra packages. Calculations across structural parame-
ters are also embarrassingly parallel. Fig. 3 shows how parallelism
can be easily implemented using the Python multiprocessing
package. For larger computational loads, it should also be possible
to use Hadoop, Apache Spark, or other tools.

In the example simulation of Fig. 3 we set the parameters of the
incident light and the various layers in lines 14–32. At this point
the FEM mesh of structured layers are created either by a Python
function, in the case of a 1D mesh, or the open-source program
Gmsh [24] for a 2D mesh. The main calculations are started within
the simulate_stack function which is run in parallel (line 55).
Once this has been completed, all the scatteringmatrices have been
calculated, and we can choose to store all simulation objects in a
compressed npz file (line 56). This allows additional calculations
to be carried out at a later time, with full access to the modes (and
thereby the fields) as well as the scattering matrices.

3.2. Fresnel scattering matrices of the interfaces

As outlined in Section 2, a regular EMUstack simulation can
be broken down into three main steps: finding the modes of
each unique layer; calculating the Fresnel scattering matrices of
the interface of each layer with air, and; combining the Fresnel
scattering matrices of individual layers to find the scattering
matrices of the multi-layered structure. These are all carried out
within the simulate_stack subroutine. In the example, up
to 12 copies of the function simulate_stack are executing
simultaneously in independent processes, each calculating the
stack properties for a single wavelength.

The calc_modes function is called for each layer, and carries
out the first two calculation steps: calculating the modes of a layer
and then the overlap integrals of these modes with the diffraction
orders of air so as to compile the Fresnel scattering matrices.
While the diffraction orders of homogeneous layers are analytically
prescribed as in Section 2 the BMs of structured layers are found
using a fully vectorial FEM solver. EMUstack features two FEM
routines: one for 1D periodic structures and one for 2D unit cells.
The latter of these was adapted from Ref. [25]. In line 34 of the
example we explicitly set the number of BMs to be calculated in
the NW layer, overriding the default of 20more BMs than PWs. The
number of PWs is specified in line 18, where we include all PWs
that lie within a circle with a radius of max_order_PWs centred
at (α0, β0).Wenote that the number ofmodes required throughout
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Fig. 3. Example EMUstack simulation script. The script calculates the properties for NW arrays of many thicknesses.

a problem varies significantly with the size and index contrast of
the layers. The examples in the online documentation give a guide
to the number of modes needed for typical structures.

If a layer occurs in multiple places in the stack (e.g. layers 2 and
4 are the same structure), then this layer’s modes and scattering
matrices need only be foundonce, even though the layersmaybe of
different thicknesses. This provides a substantial time saving since
the majority of the calculation time is taken up by calc_modes,
particularly in solving the eigensystem to find the BMs.

3.3. Scattering matrices of the stack

The third major simulation step is combining the Fresnel
scattering matrices of individual layers into scattering matrices
that describe the whole structure. In some situations this stepmay
not be necessary, for instance the Fresnel matrices of individual

layers are all that is required to study the coupling between
diffraction orders in air and the BMs of a layer.

In lines 46, 47 we define a Stack object wherein we list
the layers of the total structure from back to front. We then
use the calc_scat function to calculate the scattering matrices
of the stack by iteratively applying Eqs. (4)–(7) solving the
problem for each layer exactly, with infinitesimally-thin air layers
placed between each physical layer. To capitalize on the fast
nature of the calculation steps that occur after the scattering
matrices have been found, the calc_scat function allows the
thicknesses of layers to be redefined. Lines 45–50 show a loop
that scans over NW array thicknesses, as specified in h_list
and appends the results to the scat_list list. In this way
the results for 21 thicknesses are calculated simultaneously
with negligible additional computational cost. Multiple, different
stacked structures may also be defined and simulated at this step.
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Fig. 4. Continuation of the example EMUstack simulation where the outputs of the scattering matrix calculations are processed.

We note that different thicknesses or permutations may require
different numbers of modes to achieve accurate results. To further
exploit this advantage calc_scat keeps track of the calculated
interfaces, and skips repeated occurrences, recalling them from
memory.

When calc_fluxes = True, calc_scat also calculates the
energy flux through each layer and the structure as a whole. To
do this we must specify the properties of the incident light. In this
process, it is crucial to consider the energy in all propagating plane
wave channels. In the case of propagation through the infinitesimal
air layers we must also consider the energy in evanescent orders.
This is done using the U matrix of Eq. (C6) in the Appendix
of [14]. EMUstack allows for structures to be excited with light of
any polarization and composed of arbitrary combinations of the
diffraction orders of the upper semi-infinite half-space. Because
the FEM routines find BMs that correspond to both transverse
electric (TE) and transverse magnetic (TM) polarized plane waves
we must construct the PW basis to include the TE and TM
diffraction orders. Subsequently all EMUstack scattering matrices
are organized as follows:

TE → TE TM → TE
TE → TM TM → TM

where TE → TM denotes scattering from TE modes to TM modes.
EMUstack currently has the following input polarizations: TE, TM,
right and left circular. Arbitrary polarizations may be constructed
from superpositions of these.

3.4. Post-processing

The simulate_stack function returns a list of Stack objects
that contain the scattering matrices and energy fluxes throughout
the stack. The properties of individual layers can also be extracted
from the Stack objects. In the given example, the list elements
each are associated with a Light object of a different wavelength.
These can then be post-processed to create plots or calculate
dependent quantities. The plotting module contains over 25
plotting functions that are described in the documentation, and
more may be easily added.

In lines 68–69 of Fig. 4 we plot the transmission, reflection and
absorption spectra for each thickness combination considered in
the loop of lines 45–50 of Fig. 3. An advantage of SMMs is that

Fig. 5. Absorption in 1000 nm thick NW array (top layer), in 1000 nm thick silver
mirror and in total. The absorption in the silica spacer is negligible and is not shown.
The vertical line marks the kz = 0 cut-off of the dominant BM.

it is straightforward to distinguish the absorption that occurs in
each layer. Fig. 5 shows the resultant absorption spectra for the
structure with a 1000 nm thick NW array, which is created with
the t_r_a_plots function. The top layer is the NW array and
the bottom layer is a silver mirror. The absorption in the silica
spacer layer is negligible and is not shown. By decomposing the
absorption in this way it is clear that the sharp absorption peaks
that occur beyond 670 nm are due to absorption in the silver
that occurs due to the periodic NW array coupling light to surface
plasmons. There is also strong parasitic absorption in the silver
film at short wavelengths. When considering the photovoltaic
performance of this structure it is critical to exclude all absorption
outside of the active charge generation region from the calculation
of the short circuit current Jsc. In this case the NW array layer is the
active region and we therefore specify active_layer_nu=3 in
line 69.
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Fig. 6. Summary of all the basic quantities contained in a simulated Stack object.

In lines 73–79we plot the Jsc values for eachNWarray thickness
that were collated in lines 61–71. We also store this data as
a text file. In line 81 we plot the dispersion relations of each
layer. Fig. 7 shows the results for the NW array layer, which are
identical to Fig. 5(b) in [19] because theBM’s propagation constants
depend only on the in-plane geometry, which is the same. In
Fig. 7, the relations are plotted in terms of frequency as a function
of kz in units of the period, d. Only points for which a BM has
|Re(kz)| > 0 are selected in this figure, leading to fewer points
at high frequencies where Si is highly lossy. Having outlined our
method, and its implementation, we now focus on some of the
opportunities enabled by this approach.

3.5. Summary of calculation outputs

In Fig. 6we list the physical quantities that EMUstack calculates.
The example assumes a specific stack of layers has been simulated
for a chosenwavelength. These quantities are the basis fromwhich
many other properties, such as modal resonances and short circuit
currents, may be derived.

4. EMUstack features

There are twomain advantages of using EMUstack: one concep-
tual, the other numerical. The conceptual advantage, shared with
other SMMs, lies in the detailed access to the Bloch modes, which
allows the formalism of thin film optics to be extended to nanos-
tructuredmedia. Themajor numerical advantage arises from com-
bining the generality of the FEM with the semi-analytic SMM. We
illustrate these advantageswith examples from the fields of nanos-
tructured photovoltaics, nanoplasmonics and metamaterials.

4.1. Combining the best of the FEM and the SMM

EMUstack is one of only a few packages that combines the FEM
for calculating modes and the SMM for calculating properties of
layered media. The SMM and FEM have previously been combined
to study patch antennas [26]. A major advantage of this is the
generality of the structures that can be efficiently and accurately
studied.

The FEM can calculate the modes of unit cells with arbitrary
inclusions and adaptive meshing allows small features can
be accurately included with reduced speed penalty. This is a
significant advantage over Fourier expansion methods where fine
inclusions can only be resolved by increasing the terms in the
Fourier terms throughout the whole problem. The meshing is
carried out in Gmsh with users specifying meshing parameters
in EMUstack. EMUstack currently includes mesh templates, which
can be specified from within Python, for circular, elliptical,
square, rectangular inclusions as well as for split ring resonators,
dimers, coated cylinders and cylinders in strips, all in square and
rectangular unit cells.

EMUstack has been designed to study lossy, as well as lossless,
dielectric, metallic and metamaterial structures. Here the FEM is
also advantageous because large refractive index contrasts and
small inclusion sizes can be studied using adaptive meshes and
without encountering to the Gibbs phenomenon. This arises in
RCWA/FMM due to the finite truncation of the Fourier series [27]
introduces spurious modes and the effect of which cannot be
decreased by increasing the number of Fourier components [11].
The ability to handle deeply subwavelength metallic inclusions
(adaptively meshed) with large index contrast was critical in
studying the wire metamaterials described below.

We note that the FEM representation of the BMs typically con-
verges more rapidly within structured layers than a Fourier series
would. This is because FEM calculated BMs can be discontinuous
(while satisfying the continuity of tangential components) at the
inclusion surfaces. In contrast, the Fourier series is made up of con-
tinuous functions that do not easily converge to the discontinuities
of structured layers. The FEM calculated BMs include Fourier com-
ponents that are larger than the terms included in the PW expan-
sion. The contributions of these higher terms are discarded in the
truncated PWexpansion of the fields in homogeneous layers, how-
ever their inclusion in the structured layers is very important for
the accurate calculation of the BMs propagation constants. Faster
convergence has many flow-on effects: from a smaller eigensys-
tem, to faster algebraic operations on smaller matrices, and an en-
suing reduction in memory usage.

4.2. The natural basis

The properties of a structure are derived from the modes that
it supports. Often the number of relevant modes that dominate a
structure’s response to illumination is quite small and the most
intuitively insightful way of understanding the properties of the
whole is to study the properties of its modes in detail. This clearly
requires access to the modes of each layer and, for multi-layered
structures, the modes of the stack. In this section we present some
exampleswhere studying the Blochmodes of a structure can reveal
much about the underlying physics.

NW arrays and nanohole (NH) arrays, which are of interest to
next generation solar cells, are such examples. The former consist
of high index inclusions in a low index background, while the
latter have the inverse composition, see Fig. 2. The modes of the
physically isolated (but weakly coupled) NWs are quite distinct
from the modes of the continuous high index background of NH
arrays, although in both cases the properties of thewhole structure
are derived from a small number of modes.

In Fig. 5, the vertical line in the top plot marks the kz = 0
cut-off of a particularly important BM, which is found from the
dispersion diagram (Fig. 7). EMUstack provides us with a number
of tools to demonstrate that the concurrent occurrence of this cut-
off and the rapid rise in absorptance is not coincidental. We can
inspect the in-coupling from free space into each mode as well as
each mode’s contribution to a resonance (as we will demonstrate
in Fig. 8). Studying the energy concentration, group velocity and
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Fig. 7. Dispersion relations of the BMs of the NW array. Values are only plotted at
points where a BM has |Re(kz)| > 0. The propagation constants kz are plotted in
units of the period, d. The rapid changes at normalized frequencies above 1.4 are
due to the strong material dispersion.

Fabry–Perot resonances of the dominant mode gives a complete
picture of why its absorption is so strong between 600 nm and
660 nm [28]. Furthermore it is possible to link this BM to the TE
modes of optical fibres by comparing their dispersion relations and
the field profile of the BM and fibre mode. This provides a much
stronger link than found in other studies [29,30], which can show
only the similarity between the total field of the NWs and the
modal field profiles of specific optical fibre modes.

Studies of NH arrays have gone to great lengths to link a distinct
peak in transmission to a mode that is concentrated within the
air hole inclusion [31]. While this task is challenging when using
FDTD and experimental measurements, it is straightforward with
EMUstack due to having access to the amplitudes and field profiles
of the Bloch modes [32].

An advantage of the SMM approach is the ability to access the
undriven physical system where there are no incident excitation
fields. This is particularly useful for calculating the intrinsic
resonances of structures, such as the Fabry–Perot resonances. The

Fabry–Perot resonance condition also defines the slab waveguide
modes of complicated structured media. For example, this
resonance condition for layer 2 is given by

det

I − R21PR23P


= 0. (8)

While this function is common to all SMMs, the difference with
EMUstack again comes from the resonances being described in the
Bloch mode basis, allowing resonances to be decomposed into the
dominant Bloch modes that can be studied in isolation.

Fig. 8 shows a script that calculates the Fabry–Perot condition
for the NW array from the last example, where this layer is
considered suspended in air. The plot composed in lines 95–100 is
shown in Fig. 9, where the inset shows the BMs components of the
resonance that are calculated in lines 102–116. These calculations
provided important insights in linking particular Blochmodeswith
the absorption peaks of NW arrays [28].

Another application of studying the resonances of undriven
structures is in finding the waveguide modes of wire metamateri-
als. To accurately find the dispersion relation of a waveguidemode
we must minimize Eq. (8) using an iterative optimization routine.
The use of Python allows this to be done quickly and easily by load-
ing optimized packages. A similar root finding routine could be im-
plemented with other SMMs, however EMUstack also calculates
the Bloch modes, whose field distributions identify the modes as
either TE, TM, or TEM (Fig. 10). By calculating the contribution of
each of these BMs to the resonance defining the waveguide mode,
we see that the waveguide mode is formed by a superposition of
the evanescent TMmode and the propagating TEMmode (see [33]
for more details).

Fig. 8. Continuation of the example EMUstack simulation where the Fabry–Perot resonance spectra are calculated and plotted. The BM composition of the resonance at
λ = 611 nm is also computed.
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Fig. 9. Fabry–Perot resonance condition Eq. (8) for NWarray suspended in air. Inset
shows the amplitudes of the BMs that make up the resonance at λ = 611 nm.

4.3. General advantages of SMMs

As a frequency domain method, EMUstack can make use of
measured, tabulated refractive indices. EMUstack currently comes
with data for over 30 materials taken largely from Palik [34] and
Johnson and Christy [35]. The Drude model is also implemented
and parameters from Ref. [35] provided for gold. To illustrate the
use of EMUstack with nanoplasmonic structures, and to show the
discrepancies that occur in FDTD simulations, due to analytic fits
to refractive indices, we study a thin gold film that is perforated by
elliptical holes. It has been shown that the transmission through
such a structure gives rise to circular dichroism when light is
incident at off-normal angles [36]. Fig. 11 shows the difference in
transmission between right-hand circularly polarized (RHCP) light
and left-hand circularly polarized (LHCP) light for a 200 nm thick
film with holes spaced with a period of 165 nm and with major
and minor axes of 140 nm and 60 nm. The light is incident at
45° so the situation is analogous to the dashed curve in Fig. 2(c)
of [36], except that the refractive indices are interpolated from
the tabulated values of [35]. Though the circular dichroism peak
occurs at the same wavelength, Fig. 11 shows a region of negative
values where the transmission is higher for LHCP light, whereas
the curve in [36] remains above zero throughout. We suspect this
is a consequence of the poor agreement of the Drude model to
measured values of the refractive indices ofmetals near the plasma
frequency, which for gold occurs around λ = 500 nm.

The analytic treatment of vertical propagation inherent in
the SMM makes varying layer thicknesses extremely cheap
computationally. For example it takes 2571 s to simulate the 818

Fig. 11. Circular dichroism in transmission (tRHCP − tLHCP) through a thin gold film
perforated with square holes.

wavelengths that make up the NW array spectra of Section 3
for a single thickness. Simulating a further 21 thicknesses adds
a mere 153 s (6%) to the computation time, most of which is
taken up in writing the additional results to disk. These times were
obtained on an IBM System X 3755 M3 server with 12 AMD cores
running at 2.3 GHz and exclusively using open-source libraries.
Since the modes and scattering matrices of homogeneous layers
are calculated analytically, EMUstack is also extremely efficient for
studying sets of structures in which the structured layers are kept
constant, while homogeneous layers are altered.

4.4. Amalgamating 1D and 2D scattering matrices

The EMUstack framework enables the scattering matrices
calculated for singly-periodic layers using the 1D solver to be
integrated with the scattering matrices of bi-periodic layers. This
is done by appropriately filling the scattering matrices of the 1D
layers with zeros to match the 2D arrays. This feature provides a
great increase in speed formixed structures and, to our knowledge,
is unique to EMUstack.

5. Concluding remarks

We have introduced an open source software package that
calculates the scattering matrices and propagation matrices
of multi-layered nanostructures. The defining feature of our
program is the use of the FEM to calculate the Bloch modes of
nanostructured media. Compared to other Fourier series based
SMMs this approach is numerically more efficient and allows for
the intuition of thin film optics to be applied to a greater variety of
complex structures.

EMUstack is available online with fully open source code,
comprehensive documentation, automated tests and a series of
instructive examples [15]. Simulations are defined and executed

Fig. 10. Vectorial field distributions, of the fundamental (a) TEM, (b) TE and (c) TM modes of a drawn fibre wire metamaterial. The colour and length of the arrows
indicate the field strength at the origin of the arrow in arbitrary units. The metallic wires are arranged in a square lattice of period 1.02 cm, have a diameter of 0.19 cm,
nwire = (0 + 1 × 1010i), are in an nbkg = 1 background. The fields are calculated for a frequency of 2.33 GHz and kx = 235.6 m−1 .
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using the popular scripting language Python, while an optimized
Fortran routine carries out the numerically intensive steps.

EMUstack has been designed to simulate lossy high contrast
nanostructures, which are difficult to simulate with Fourier SMMs.
While we have used EMUstack primarily to study nanostructures
for photovoltaic applications, it has been used also to study drawn
fibre and split ring resonator metamaterials [33] and we have
shown that it is well suited to studying plasmonic structures that
includemetals in Section 4.1. In Appendix we present convergence
studies of dielectric and metallic structures. These examples hint
at the potential for EMUstack to be applied to a wide range
of structures in the future. We believe that a deeper physical
understanding of these structures can be developed from the
unique quantities to which EMUstack provides access.
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Appendix. Convergence

We study the convergence of EMUstack for three situations: a
dielectric NH array; ametallic film perforatedwith subwavelength
holes; and an array of metallic nanoparticles stacked upon each
other. Our studies consist of repeating simulations with increasing
numbers of modes and analysing the difference in their results.

We present our results in terms of themaximumPWdiffraction
order included. By default EMUstack increases the number of BMs
within structured media accordingly as 2 × num_pw_per_pol +

20, where num_pw_per_pol is the number of PWs in each
polarization and theBMs cover bothpolarizations. The broken lines
in Fig. A.12 show the quantitative results and the solid lines show
the error relative to the calculation with the most PW orders.

The NH array example (Fig. 2(b)) is equivalent to the photonic
crystal used to study the convergence of a recently published
FMMprogram [11]. Fig. A.12(a) shows the normalized frequency of
the transmission peak associated with a Fano resonance (labelled
‘‘Peak 1’’ in [11]).We see that for this simple dielectric structure the
results converge very quickly, to a value in good agreement with
Fig. 8(a) of [11].

The results of a more computationally difficult simulation
are shown in Fig. A.12(b). In this case the structure is a thin
gold film perforated by square, subwavelength holes, which
exhibits Extraordinary Optical Transmission (EOT) as studied
by Liu et al. [37]. Following this publication, we calculate the
transmittance at the EOT peak for normal incidence and at 5°. We
see that the error in transmittance is less than 0.0001 when six
or more PW orders are included (226 PWs per polarization). The
converged values are in good agreement with Fig. 2(b) from [37]
although the transmittance is slightly greater, which we believe is
due to more finely resolving the wavelengths.

The final convergence study is of two arrays of metallic
nanoparticles placed one directly upon the other (Fig. A.13). This
is an extremely challenging structure because the fields are tightly
confined to the edges of the nanoparticles and concentrated
at the corners between the nanoparticles. We choose to study
a normalized wavelength of λ/d = 1.03 where there is an
absorption peak, and where the simulation is even more difficult
because of the proximity to theWood anomaly,where a substantial
amount of energy is in nearly cut-off orders.

Fig. A.12. EMUstack convergence studies for (a) a dielectric NH array/photonic
crystal, (b) an array of subwavelength holes in a thin gold film, (c) two arrays of
metallic nanoparticles in direct contact. Results are shown as a function of the
number of PW orders included. The broken lines show the numeric results, while
the solid lines show the difference between the results of each point and the result
with the greatest number of PW orders included. In (b) the blue and red curves are
for normal incidence and the green andmagenta curves are for incidence at 5°. (For
interpretation of the references to colour in this figure legend, the reader is referred
to the web version of this article.)

Fig. A.13. Test structure for convergence study of two arrays of metallic
nanoparticles (Au data from [35]) of different shape placed on top of one another.
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As discussed in Section 2, the simulation of nanostructures
placed in direct contact is very challenging for SMMs because
the tightly confined fields require a very large number of modes
for an accurate representation. We suspect that the accuracy
may be improved when the projections of the modes of each
structured layer are projected directly onto each other. This has yet
to be implemented in EMUstack. The convergence study shown in
Fig. A.12(c) shows that fourteen or more PW orders must be used
to achieve decent convergence.
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3.2 Wider Applications of EMUstack
The code that comprises up EMUstack was released in its entirety in December 2013 under
the terms of the open-source GNU General Public License. The code repository is hosted
on GitHub, and although this site does not provide a full history of downloads, periodic
inspection of the weekly traffic logs indicates that the package has been downloaded between
one and eight times a week (with an estimated average of 1.5). As of Nov 2015 the homepage
www.physics.usyd.edu.au/emustack had been viewed over 26,000 times from over 4600
unique IP addresses.

Throughout this thesis, we used EMUstack to study nanostructures for photovoltaic
applications, often focussing on relatively low-loss dielectric media, we are aware of over a
dozen users across Australia, Europe, the US, Iran and India who are using EMUstack to
study nanophotonic [111], nanoplasmonic and metamaterial structures [8].

3.3 Optoelectronic Modelling of Solar Cells
Introducing nanostructures into SCs alters their electronic properties, as well as their optical
properties. The physical laws governing the behaviour of the charge-carriers and those
dictating the propagation and absorption of light are quite different, which makes combining
them in a self-consistent optoelectronic model challenging.

One approach to creating an integrated model is to iteratively solve the coupled equations
governing charge-carrier generation, charge-carrier transport, and thermal transport, with
each calculation step being carried out in separate model [112, 113]. This has been applied
to problems including the subrandom noise in textures substrates, photon recycling and the
long term reliability issues arising from localised heating. A different approach is to use the
FEM in three dimensions to solve for both the generation rates and the carrier diffusion
rates, which has been used to study the physics of NW and NH arrays and to compare them
to homogeneous absorbers [114].

The inherent drawback of full optoelectronic simulations is that they are extremely com-
putational expensive, which hampers their use in exploring new devices. They also demands
a trade-off between the level of detail that is calculated in each model, producing rather
more general results compared to EMUstack or other more specialised tools. There have
also been advances in analytic models of nanostructured SC, for instance Ali et al. derived
a detailed description of radial p-n junctions [115]. It will be interesting to see what new
perspectives these techniques open up, particularly as the models are developed further and
available computing power increases.

Epilogue
The calculation approach presented in this chapter dictates the physical quantities we have
access to, but beyond that it is also indicative of how we structure our investigates: beginning
by examining the modes of each structure and the coupling between them at interfaces;
before exploit this understanding to systematically design structures to manipulate the flow
of light in a desired way.

In particular we have benefited greatly from knowing the propagation constant and field
distribution of each BM and PW, as well as the scattering/coupling coefficients between all
the modes (that determine the amplitudes of each mode when the system is driven by an
incident field). The approach has allowed us to generalise the intuitive physics of thin film
optics to more complicated nanostructures.

On a practical note, the use of the scattering matrix formalism makes it straightforward
to calculate the absorption in individual layers, allowing the usable absorption of active
regions to be clearly distinguished from parasitic absorption, for instance in metallic mirrors.
Throughout this thesis we focus on the usable absorption.

Having outlined the numerical method, and its physical background, we now dive into
the physics!
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Chapter 4

Nanowire Array Photovoltaics I:
Semi-analytic Optimisation

When one tugs at a single thing in nature,
he finds it attached to the rest of the world.

John Muir

In Sect. 2.4.1 we touched on the absorption enhancement potential of nanowire (NW)
arrays due to their simultaneously low reflection and strong light trapping. While there are
many related nanostructures, for example nanocones, we here focus on NWs as the canonical
structures, from which the underlying physics is the other structures can be derived. The
invariance of the inclusions through the layer also makes NWs easier to study with the
scattering matrix method.

NWs present a number of opportunities from a material science perspective: they can
be doped with radial p-n junctions, which orthogonalise the direction of charge carrier
diffusion and light propagation, improving their tolerances to defects [116, 117]; the small
cross-sectional area of the NWs reduces the strain between adjacent layers, relaxing the
requirement for all the materials of multi-junction cells to be lattice matched [118–120]; and
the small areas also improve alloying and epitaxy allowing NW arrays to be fabricated on
flexible substrates to create flexible SCs (when encased in a flexible matrix material) [121].

These features were generally appreciated at the time we started our studies, however
questions remained about the creation of high efficiency, low cost NW array SCs. Particular
challenges include: optimising the NW array parameters for maximised absorption; bal-
ancing the need for optical absorption with the NW’s electronic performance; minimising
nonradiative recombination losses through passivation of the NWs large surface areas; and
developing cheap, scalable fabrication methods. Our research addresses the first issue by
improving our understanding of the optical physics, so that the arrays may be systematically
designed to maximise absorption. Optics does not feature as prominently in the other issues,
which are being addressed by researchers in other fields.

In this chapter we present our most recent article on NW array SCs, which provides a
comprehensive overview of all the optical processes; the earlier articles that deal with the
effects of disorder in NW arrays are presented in Ch. 5. We have also studied nanohole (NH)
arrays, although we do not include the related publication [7] in this thesis. In Sect. 4.3
and 5.3 we discuss the similarities and differences between NH arrays and NW arrays. An
outlook on the future of nanostructured SCs is presented in Ch. 8. We begin by reviewing
the NW array literature, covering both theoretical and experimental developments.
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4.1 Review of Nanowire Array Solar Cells

4.1.1 Theoretical Understanding of Nanowire Arrays
The use of NW arrays for solar energy harvesting was first proposed by Kayes, Atwater and
Lewis [116], who focussed on the physics of radial p-n junctions. The optical absorption
of NWs was first investigated numerically by Hu and Chen [122], who showed that the
absorption of short wavelength light in NWs was superior to uniform thin films due to reduced
reflections, and that the absorption of longer wavelengths approached that of an equally thick
film as the volume fraction is increased. Lin and Povinelli [123] then demonstrated that a
2.33 µm thick array of silicon NWs could achieve a higher ultimate efficiency (defined under
the assumptions of the S-Q model of Sect. 2.2.3) than an equally thick uniform film when
the period was increased from previous studies to d = 600 nm, with a NW diameter of
2a = 540 nm.

The underlying physical mechanism responsible for the enhanced absorption was not
completely identified by these studies, however it was apparent that a “leaky mode resonance”
[123] was being excited. The importance of a discrete set of modes was established by Kupec
et al. who studied InAs and InP NWs and observed the “micro-concentration of the incident
light by the nanowire array” [124, 125]. A popular approach to describing the modes of NW
arrays is to model the individual NWs as optical fibres [126, 127], the dispersion relations of
which are well known [128].

In 2010-11 we analysed the absorption processes of NW arrays in terms of the Bloch
modes of the array [129]. Unlike the modes of optical fibres, Bloch modes are periodic
functions that are thereby sensitive to the configuration of the lattice. Using the numerical
method described in Ch. 3 we calculated the propagation constants, fields and amplitudes
of the Bloch modes, from which we concluded that the absorption peaks were driven by the
Fabry-Perot resonances of a small set of Bloch modes, which we labelled key modes (KMs).
These modes are concentrated within the NWs and propagate with low group velocities. In
[129] we also developed a semi-analytic theory that includes the effect of the array through
the calculation of lattice sums, and accurately predicts the cut-off wavelengths of the KMs
across a range of periods and volume fractions. This work provides important background
for the investigations developed in this thesis, but is not itself part of this thesis.

There has been a continued tension in the literature where some authors describe the
physics of NW arrays in terms of optical fibre modes, while others consider periodic modes,
and yet others use the formalism of Mie resonances. In the Supporting Information of
Paper 4.2, we derive the relationship between the periodic KMs of the NW arrays and the
optical fibre modes of isolated NWs, showing that they are equivalent in the limit of very
sparse arrays. A similar link was later made in a more qualitative fashion by Fountaine et al.
[130] and a recent study showed the equivalence of Mie scattering resonances with optical
fibre modes [131].

There have also been a large number of studies undertaken where full-field numerical tools
were used to simulate the efficiencies of NW arrays across a range of geometric and material
properties [123, 132–136], as well as the particularly comprehensive study presented in [137].
The range of potential structures that can be included in such studies is limited by the
computational expense of simulating the full absorption spectrum, as required to calculate
the efficiency. Furthermore use of full-field simulations limit the physical insight obtained
by such approaches, making it difficult to predict the performance of related permutations
of materials and cell designs. The predictions made about the performance of NW array
SCs had therefore remained quite general and qualitative, for example that the reflection off
NW arrays decreased when the volume fraction was decreased. In Paper 4.2 we building on
our understanding of the optical physics of NW arrays to formulate quantitative expressions
that predict the array parameters that maximise the SC’s charge generation rate.
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4.1.2 Experimental Demonstrations of Nanowire Array Solar Cells
Nanowire array SCs have been made using a wide range of materials, including direct [121,
138–140] and indirect [141–144] semiconductors and excitonic materials such as dye and
organic materials [145, 146]. When composed of direct bandgap materials such as InP and
GaAs, the SCs typically use planar p-n junctions [138–140, 147–149], while demonstrations
in silicon (with its low diffusion length) have often used radial p-n junctions [141–144].
The differences between these configurations have been experimentally compared [150], and
multiple materials have also been combined into multi-junction cells [119, 151, 152].

The largest obstacle to the practical use of NW arrays remains the difficulty and cost of
fabricating them over large areas. Currently used techniques include top-down approaches
such as aqueous electroless etching [144] and NIL [153], as well as bottom-up growth tech-
niques [154]. For comparative reviews see [117, 155]. These techniques are being refined to
reduce their cost and improve their scalability; recent proposals include using NIL stamps
[153], or self assembled beads as lithography patterns [98, 109] as in Fig. 2.20.

A promising proposition for the commercialisation of NW array SCs is that they can be
fabrication on low-cost flexible substrates. If this can be done cheaply, then NW SCs could
compete in the flexible SC market where other technologies, such as organics and quantum
dot cells, also have efficiencies of just under 15%. Single-crystalline semiconductor NWs have
been grown on aluminium foil, stainless steel and conducting glass substrates [117, 121] and
have also been created by etching metallurgical grade Si [156]. For detailed reviews of NW
SC fabrication see [117, 157, 158].

Since 2013 the record efficiency for NW array SCs has been held by the group of Samuel-
son at Lund University. In 2013 they obtained a efficiency of 13.8% [139] using a h ∼ 1.5 µm
thick InP cell that had a dimension of 1 mm-by-1 mm with the NWs covering 12% of this
area. Impressively “the highest open-circuit voltage of 0.906 V exceeds that of its planar
counterpart, despite about 30 times higher surface-to-volume ratio of the nanowire cell” [139]
showcasing both the excellent surface passivation of the NWs and the potential of enhanced
Voc values in low volume absorbers that was predicted theoretical in Sect. 2.2.5. In October
2015 the same group achieved an efficiency of 15.3% using GaAs nanowires whose improved
passivation allowed for a Voc of up to 0.923 V [148].

Prelude to Paper 4.2
We now present the paper in which we detail our semi-analytic optimisation technique that is
based on a comprehensive understanding of the interrelated optical effects of NW arrays and
which produces quantitative predictions that match well with numeric calculations, along
with its supplementary material:

B. C. P. Sturmberg, K. B. Dossou, L. C. Botten, A. A. Asatryan, C. G. Poulton, R. C.
McPhedran and C. M. de Sterke. “Optimizing Photovoltaic Charge Generation of Nanowire
Arrays: Simple Semi-Analytic Approach”. ACS Photonics 1, 683–689 (2014)
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ABSTRACT: Nanowire arrays exhibit efficient light coupling and strong light
trapping, making them well suited to solar cell applications. The processes that
contribute to their absorption are interrelated and highly dispersive, so the only
current method of optimizing the absorption is by intensive numerical calculations.
We present an efficient alternative that depends solely on the wavelength-
dependent refractive indices of the constituent materials. We choose each array
parameter such that the number of modes propagating away from the absorber is
minimized, while the number of resonant modes within the absorber is maximized.
From this we develop a semi-analytic method that quantitatively identifies the small range of parameters where arrays achieve
maximum short-circuit currents. This provides a fast route to optimizing NW array cell efficiencies by greatly reducing the
geometries to study with full device models. Our approach is general and applies to a variety of materials and to a large range of
array thicknesses.

KEYWORDS: photovoltaics, solar energy, nanowire arrays, light trapping, nanophotonics, diffraction gratings

A major challenge in solar energy research is to reduce the
cost-per-watt of photovoltaic cells. This challenge may be

met by increasing the efficiency, as in the case of multijunction
cells,1 or by reducing costs through the use of less expensive
materials.2,3 The cost-per-watt can also be reduced by using
established materials in much thinner films than standard
cells.4,5 This last approach greatly reduces costs, but also
reduces the efficiency if the cell design is not modified. The
efficiency decrease is largely due to optical losses, not only from
increased transmission due to incomplete absorption, but also
from increased reflection at the front surface, which can no
longer be coated with standard multiple micrometer-thick
antireflective patterns. Structuring the thin absorbing layer into
vertically aligned nanowire (NW) arrays has been shown to
address both these losses simultaneously, by increasing the light
coupling into the cell and enhancing the absorption through
light trapping. Further advantages of NWs include compatibility
with cheap flexible substrates6 and radial p−n junctions.7−9

NWs also reduce the lattice matching constraints that limit
material combinations in multijunction devices.10 These
structures have therefore attracted intense theoretical11−14

and experimental6,15−20 research, with efficiencies of 13.8%
being reported.21

Optimizing the photovoltaic performance of NW arrays is
challenging because their optical and electronic properties
depend strongly upon the arrays’ geometry. Typically,
simulations are first carried out to assess the optical charge
carrier generation, and then the charge carrier collection
performance is calculated separately. Recently, techniques for
combined optoelectronic modeling of nanostructured photo-

voltaics have been developed that recursively calculate the
generation, collection, and recombination of charge carriers.22

All of these numerical approaches are limited to grid searches of
small parts of parameter space, wherein they locate local
optima. Finding a general optimum, or fully understanding the
behavior of NW arrays using such means, is however
impracticable due to the range of parameters. In particular,
the high sensitivity of the charge carrier profile to experimental
factors such as material quality, fabrication techniques,
passivation method, and device design prohibits the carrier
collection efficiency from being incorporated into a general
optimization routine. These issues also limit the predictive
information that can be gained from experiments. For example,
the fill factors of current state of the art III−V NW array solar
cell vary between 25% and 77%.23 It is therefore valuable to
fully understand the charge generation aspects of NW arrays
before modeling their charge collection. A compromise
between maximal charge generation and efficient charge
collection can then be found to maximize the photovoltaic
energy conversion efficiency.
The charge generation of NW arrays is directly related to

their optical absorption,24 which is less dependent on material
processing. The absorption in turn however is driven by
numerous competing optical effects, including the excitation of
guided resonance modes and higher diffraction orders.11−14

Since these are resonant effects, they are highly dispersive
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across the broad bandwidth of the solar spectrum, and it is
unclear how to best balance their effects to maximize the total
absorption. This is made more difficult by each wavelength
contributing an amount given by the solar spectrum. These
factors all combine to produce a challenging optimization
problem that is currently addressed by fully numerical studies
of specific sections of parameter space.12,13,16,18

■ SEMI-ANALYTIC APPROACH
Here we present an approach that allows the optimal design
parameters for maximal charge generation to be evaluated semi-
analytically in negligible time for a given material and thickness.
This provides an ideal starting point for numerical and
experimental studies of the electrical performance of NW
geometries. We do this by constructing an integrated
theoretical framework that relates the reflection, transmission,
and absorption of NW arrays to their geometric parameters
(Figure 1): radius a, period d, thickness h, and volume fraction

f. In our numerical calculations we consider square lattices for
which f = π × a2/d2; however studies have reported a weak
influence of lattice type on the absorption of NW arrays,13,25

and our analytic model is independent of the lattice type. From
these relationships we develop a simple method that
quantitatively identifies the small region of optimal parameter
space for charge generation.
For each choice of material system and thickness we analyze

the parameter space presented in Figure 2. Here the period and
volume fraction are indicated on the axes, and curves of
constant radius are of the form f ∝ 1/d2. Arrays whose NWs
intersect are excluded by the gray region, which for square
arrays is f > π/4. The colored contours of Figure 2 indicate
numerically calculated short-circuit currents, Jsc, of NW arrays
where the array that produces maximal Jsc is marked with a blue
dot. Overlaid on the numerical results, with white and green
curves, are the predictions of our semi-analytic optimization.
Briefly this optimization method is described as dividing
parameter space into regions that have either too high a
reflectance (above the horizontal dot-dashed line) or too much
transmission (right of the vertical dashed line) or do not
support enough resonant absorption modes (outside of the
region between the white and green curves). The optimal NW
design must therefore lie within the region highlighted in thick
white curves. The considerations dictating these reductions
make use of the coupled wave argument developed by Yu et

al.26 That is, the absorption is highest when the number of
outward propagating modes is minimized, while the number of
resonant modes within the absorbing layer is simultaneously
maximized. Here we extend this approach by considering the
modal amplitudes and by integrating across the solar spectrum
to calculate parameter constraints in terms of the maximum
short-circuit current.
We illustrate our method using InP NWs surrounded by an

air background (n = 1), placed upon a semi-infinite SiO2
substrate under an air superstrate. We stress however that the
method applies to a wide variety of materials including direct
and indirect band gap semiconductors. Results for GaAs,
silicon, and germanium are contained in the Supporting
Information. We first examine the effect of radius, period,
and volume fraction while fixing h = 2.33 μm and thereafter
show that the thickness determines the relative importance of
reflection versus transmission losses. Our semi-analytic
predictions show excellent agreement for the optimal array
parameters when compared to full simulations.

Effect of NW Radius on Absorption Resonances. We
begin by studying the role of the NW radius. It has been shown
that NW arrays support guided resonance modes, each of which
drive strong absorption peaks. These modes have been
described in the literature as either leaky optical fiber
modes14,27 or as Key (Bloch) Modes (KMs).11 These
descriptions are equivalent for sparse arrays, where the NW
surfaces are far apart, but differ for dense arrays, where the
effect of the lattice, which is included only in the Bloch mode
formulation, becomes significant (see Supporting Information
for derivation of equivalence in the sparse limit). Though here
we consider perfectly cylindrical NWs, the lower order modes
of NWs depend on the cross-sectional area so that minor
perturbations in shape do not alter the dipolar nature of the
fields, and for our purposes here the same equations can be
applied. A fundamental property of waveguides is that the
number of bound modes increases with the dimension of the
cross-section. Applied to NWs this means that the number of
KMs grows with increasing radius. This suggests a clear
optimization goal; choose the NW radius as large as possible, so
as to maximize the number of absorption resonances.
However, absorption resonances contribute to the absorption

of the solar cell only if they occur at wavelengths where the

Figure 1. Geometry of vertically aligned nanowire arrays showing light
incident normally and diffracted into the zeroth and higher orders in
reflection and transmission. While our optimization method is
independent of lattice type, numeric simulations use a square lattice
as shown.

Figure 2. Numerically calculated short-circuit current of InP NW
arrays across the parameter space 100 nm < d < 900 nm, 0.005 < f <
0.780. The optimal array is marked with a blue dot and has Jsc = 29.2
mA/cm2. Superimposed are the results of our semi-analytic
optimization with the predicted optimal region emphasized with
thick curves.
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material absorbs and where there is incoming solar radiation.
This is the range λl < λ < λg, where λl = 310 nm is the lower
limit of the solar spectrum and λg is the band gap wavelength of
the absorbing material, which for InP is λg = 922.5 nm. It is
known that the symmetry of the incident light allows only
HE1m fiber modes to be effectively excited.14,28 We have found
that the strongest excitations occur at frequencies slightly above
the Re(βz) = 0 cutoff of these modes, where βz is the
propagation constant of the mode. Hence, the strongest
absorption occurs when
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which can be derived from the standard transcendental
equation for HE modes in the limit β → 0. Here εi and ki =
(εiω

2/c2 − βz
2)1/2 are the permittivities and transverse

wavenumbers in the NWs (i = 1) and background (i = 2),
respectively, J1 is the first-order Bessel function, and H1

(1) is the
first-order Hankel function of the first kind. Incidentally, this
expression is identical to the one obtained for the key modes,
the Bloch modes that are known to dominate the absorption in
NW arrays, in the limit in which the lattice period becomes
arbitrarily large (i.e., as S0 → 0 in eq 10 in Sturmberg et al.11).
The fundamental HE11 fiber mode does not have a cutoff. It
therefore exists for all radii at all wavelengths, but does not
contribute a large absorption peak and is not counted in Figure
3a. For the derivation of eq 1 and the relationship between
KMs and HE1m fiber modes see the Supporting Information.
Using eq 1 we scan through possible NW radii, recording

when key modes enter and leave the spectrum: Re(βz(λl)) = 0,
Re(βz(λg)) = 0, respectively. These radii are represented in
Figure 3a as black curves where an additional mode enters the

spectrum and as green curves where a mode leaves the
spectrum. Between the curves the number of KMs is constant,
as labeled in Figure 3a. From this analysis we require the
optimal arrays to be in one of the regions with at least two
KMs, such as immediately to the left of the green curve or
toward the top right of the figure. There is a preference for
small radii because the fields of higher order modes, which are
supported by larger NWs, have a greater number of nodes
within the NW and therefore couple less well to the incident
plane waves. For diagrammatic purposes we include only the
first three KMs in Figure 3a.
Having identified the light-trapping advantages of larger

NWs, we now consider two processes that impose upper limits
to the optimal NW radius. These arise because the NWs are
arranged in a periodic lattice; thus, increasing the radius we can
either keep the volume fraction constant and adjust the period
or keep the period constant and adjust the volume fraction.
These correspond, respectively, to moving horizontally and
vertically through Figure 2. In each case we observe that the
absorption initially grows with increasing radius, but eventually
decreases. It is by uncovering the origins of this behavior that
we can define the vertical and horizontal restrictions shown in
Figure 2.

Effect of Array Period on Transmission Channels. We
investigate the role of increased period in Figure 4, where we

show the absorption and transmission spectra of InP arrays
with radii in the range 43−240 nm and fixed volume fraction f =
0.15, i.e., moving horizontally in Figure 2. In Figure 4a the
absorption initially increases with radius, but once a > 152 nm
(d > 350 nm), the absorption of long wavelengths is
significantly reduced. It is clear from Figure 4b that this
decrease is due to a rise in transmission, while the reflectance is
relatively constant for all arrays, with R < 7% across the
spectrum (see Supporting Information). The increase in
transmission is caused by the periodically varying refractive
index of the NW array exciting nonzero diffraction orders in the
substrate, which increases the number of channels propagating
energy away from the array from 1 to 5 for wavelengths below
the zero-order Wood anomaly. This anomaly occurs at λ = λWA,
which is indicated in Figure 4 by vertical lines in the line style of

Figure 3. (a) NW array parameter space showing the NW radii at
which KMs enter (black curves) and leave (red curve) the absorption
spectrum. The number of KMs within the absorption spectrum is
shown for each region, where darker shades of orange indicate fewer
KMs. (b) Constraints placed on the optimal region of parameter space
due to high transmission (blue area) and high reflection (red area).
The region of high transmission and reflection is colored magenta.
Optimal NW array geometries lie in the union of the white regions of
(a) and (b).

Figure 4. Absorption (a) and transmission (b) spectra as NW radius is
increased with a fixed volume fraction f = 0.15. Vertical lines mark the
shortest wavelength Wood anomalies in the substrate λWA = nsubd.
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the corresponding spectrum. In transmission the shortest
wavelength Wood anomaly occurs at λWA = nsubd, where nsub is
the refractive index of the substrate. For λ > λWA all nonzero
diffraction orders are evanescent and, as such, do not contribute
to the energy flow. The excitation of higher diffraction orders
therefore adds a qualifier to the optimization; incorporate large
NW radii, but do so while imposing an upper limit on the
period.
The strictest limit to place on the period is that no higher

diffraction orders are allowed to exist within the solar spectrum,
which limits the period to d < 310 nm/nsub = 213 nm for a SiO2
substrate. This criterion however fails to consider the strong
absorption of short wavelengths that do not reach the substrate,
which renders the number of transmission channels irrelevant
for these wavelengths. We must therefore choose a longer
wavelength λav from which we can derive the maximum
allowable period, dmax ≡ λav/nsub.
Our approach is to choose λav to be an averaged wavelength,

on the short wavelength side of which the nonzero transmission
channels can be tolerated, while there is only a single
transmission channel at longer wavelengths. To account for
the highly nonuniform spectral intensity of the solar spectrum,
we weight each above-band-gap wavelength by the number of
solar photons incident at that wavelength, ξ(λ) = I(λ)λ/hc,
where I(λ) is the irradiance as given in the ASTM air mass 1.5
spectrum,29 h is Planck’s constant, and c is the speed of light in
a vacuum:
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For InP this gives λav = 665 nm. We take an analogous
weighted average of the substrate refractive index, replacing λ in
the numerator with n(λ), which gives nsub = 1.46. The
maximum allowed period is therefore dmax = 456 nm, which is
represented in Figure 3b by the start of the blue region.
Effect of Volume Fraction on Reflectance. Having

examined the effect of increasing NW radii within lattices of
increasing periods (i.e., moving horizontally in Figure 2), we
now move vertically through Figure 2. Figure 5 shows the

absorption and reflection spectra for arrays with fixed period d
= 350 nm and radii increasing from a = 88 nm to a = 348 nm
(0.05 ≤ f ≤ 0.78). The spectra of a homogeneous film of equal
thickness ( f = 1.0) are also shown to emphasize the excellent
antireflective light coupling performance of the NW arrays. The
transmittance of these arrays, shown in the Supporting
Information, is relatively constant once f ≥ 0.55. In contrast
to Figure 4a, the absorption in Figure 5a decreases uniformly
across the spectrum once a > 152 nm and does so due to a
uniform increase in reflectance. The Wood anomaly in
reflection that occurs at λWA = nAird = 350 nm produces only
a minor enhancement in short wavelength reflection, which is
unaffected by the increase in f (since d is constant). The
increased reflectance is therefore due not to a larger number of
reflected propagating orders but to a larger amplitude of the
zeroth reflection order. This trend is not surprising: as the InP
volume fraction increases, so does the average refractive index,
and therefore so does the Fresnel reflection.
To incorporate the influence of Fresnel reflections on the

optimization, we determine an upper bound on the volume
fraction, fmax, that does not impede the integrated absorption.
This is a subtle procedure that depends on the thickness of the
absorbing layer: thick layers can be expected to absorb most of
the light that enters, and minimizing reflection is therefore
paramount. In contrast, thin layers with limited absorption can
tolerate more reflection if it leads to higher absorption. Rather
than dealing with the absorption, we use the transmission as a
proxy since, for example, thick layers with strong absorption
have little transmission. We therefore define the largest volume
fraction allowed as that for which the average reflection equals
the average transmission. The reflectance R(λ) and trans-
mittance T(λ) are estimated using the Fresnel equations with
the NW array replaced by a thin film of equal thickness
composed of an effective medium with permittivity εeff( f,λ).
The critical volume fraction fmax is then defined as the f such
that Rav(εeff( f)) = Tav(εeff( f)), where the average reflectance
and transmittance are calculated as in eq 3 (see Supporting
Information for derivation). For InP NW arrays with h = 2.33
μm, fmax = 0.28, which is indicated in Figure 3b by the red
shading of f > 0.28.
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It is important to note that this limit relies on the calculation
of effective indices for structures that include significant loss.
Existing effective index models, such as Maxwell−Garnett,
poorly approximate the complex effective indices for these
structures. It has recently been proposed in studies on
mesoporous thin films that the real and imaginary components
of the effective indices of lossy structures may be best calculated
independently from different effective index formulations. As in
these studies,30,31 we found such an approach to best replicate
the observed reflectance and transmission spectra and
subsequently to most reliably predict fmax. We calculate Re(εeff)
using the Bruggeman formulation32 and Im(εeff) using the
volume averaging theory.33,34

■ COMPARISON TO NUMERIC SIMULATIONS
To make a final prediction of the optimal array parameters, we
combine the three arguments developed above. This
corresponds to placing the restrictions on period and volume

Figure 5. Absorption (a) and reflection (b) spectra as NW radius is
increased with a period d = 350 nm. The spectra of a homogeneous
film of equal thickness are shown in red ( f = 1.0).
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fraction of Figure 3b onto the radius goals of Figure 3a. In
doing so, we remove the top right region of parameter space
that supports three KMs, as well as the slightly smaller radius
region that supports two KMs. The optimal region is therefore
predicted to be just to the left of the green curve, where two
KMs are supported without the excitation of too many
transmission channels or too high a top surface reflectance.
To verify this prediction, we calculate the short-circuit current
Jsc of InP NW arrays across the parameter space of 100 nm < d
< 900 nm, 0.005 < f < 0.780 with h = 2.33 μm. We sampled this
parameter space with 993 simulations.
Figure 2 shows these numerical results as well as the semi-

analytic predictions for fmax, dmax, and the radius limits within
which two KMs are supported. The agreement is excellent, with
the optimal arrays located under fmax to the left of dmax and
above the white solid curve (a = 80 nm) that indicates the
presence of the second KM resonance within the absorption
range. The optimal array was found to have a period of d = 350
nm and a volume fraction of f = 0.22 and had a short-circuit
current of Jsc = 29.2 mA/cm2. The optimum array is marked
with a blue dot and is located to the left of the green curve (a =
99 nm), where the first KM leaves the absorption range. The
near-optimal arrays that are in close proximity to the green
curve, but on its right side, arise because these arrays still have a
large fraction of the KM resonant absorption peak within the
absorption range. The contours of other regions also
substantiate our approach; the horizontal contours above the
fmax line indicate a volume fraction dominated (period-
independent) decrease in absorption, while the parameter
space with small f and large d exhibits near vertical contours,
demonstrating the strong influence of period here.
Dependence on Array Thickness. The above analysis has

been limited to arrays of fixed thickness, with the comparison in
Figure 2 being for h = 2.33 μm. It is however straightforward to
extend the approach to other thicknesses, requiring only fmax to
be re-evaluated, due to the dependence of T(εeff( f)) on the
array thickness. In Figure 6 we show the semi-analytic
predictions for arrays of (a) h = 1.5 μm and (b) h = 4 μm
along with the corresponding numerical calculations for Jsc. The
predictions continue to agree well with the numerical results, as
the optimum shifts to lower f with increased h. This is well
approximated by the balancing of transmission versus reflection
through the effective medium, as demonstrated from the semi-
analytic horizontal lines.
Comparing our calculated short-circuit currents to the best

reported experimental results, we find that for h = 1.5 μm our
maximum Jsc of 28.2 mA/cm2 is 4.2 mA/cm2 greater than that
reported by Wallentin et al.21 for InP NWs of equal thickness.
While some of this difference is accounted for by the absence of
carrier losses in our optical simulations, the Jsc we calculate for
the geometry they fabricated is only 1.3 mA/cm2 greater than
their experimentally measured value. This leaves almost 3 mA/
cm2 to be gained by optical optimization. The geometry of
Wallentin et al. would gain this improvement by doubling the
volume fraction from 0.12 to 0.25, while keeping the radius of
the NWs at the already optimal 180 nm.
We chose a thickness of h = 4 μm in Figure 6b because this is

the thickness of the record efficiency planar InP solar cell.35,36

This planar cell has J = 29.5 mA/cm2, while the optimal NW
array (d = 400 nm, f = 0.17) has Jsc = 29.9 mA/cm2. This would
suggest that, at this thickness, a planar structure is superior to a
NW array once carrier losses are included in fabricated NW
arrays. However, the record planar cell contains an antireflective

coating and a Zn−Au back reflector, neither of which are
present in our NW simulations. Given the NW arrays’ excellent
antireflection properties, we do not introduce an antireflective
layer; however when we include an Au back reflector, the NW
arrays obtain Jsc = 30.5 mA/cm2 for thicknesses of 4 μm.
Consistent with our semi-analytic optimization the optimal
arrays that included back reflectors have larger periods because
there are no longer any diffraction orders excited in the
substrate. The only waves that carry energy away from the NWs
are in the air superstrate such that dmax = λav/nair. These results
suggest that it may be possible for NW arrays to outperform
even the record planar cell that consumes 10 times the amount
of InP.
We note that the results of Figure 6 were calculated

simultaneously along with 49 other heights across the range 1−
50 μm. This was done with negligibly increased computational
expense by virtue of the generalized scattering matrix method37

as implemented in the freely available EMUstack simulation
package.38 For all thicknesses in this range the numerically
calculated optima lie within the region predicted by our
optimization method.

■ CONCLUSION
We have constructed a simple optimization method to
maximize the photovoltaic charge generation of NW arrays.
Our method depends solely on the refractive indices of the
constituent materials and can be evaluated essentially
instantaneously, providing a refined starting point for device
modeling of NW array solar cells. The physical premise of our
approach is to maximize the light trapping of the structure
while simultaneously enhancing the light coupling into the solar
cell. To achieve optimal light trapping, we showed that the NW
radius should be increased so as to support more resonant

Figure 6. Numerically calculated short-circuit currents Jsc of InP NW
arrays of height (a) h = 1.5 μm and (b) h = 4 μm. The optimal arrays
are marked with blue dots and have (a) Jsc = 28.2 mA/cm2 and (b) Jsc
= 29.9 mA/cm2. Superimposed are the results of our semi-analytic
optimization with the predicted optimal region emphasized with thick
curves.
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modes and the period should remain less than dmax to limit the
number of outwardly propagating plane waves excited.
Meanwhile to enhance the light coupling into the array, the
volume fraction must be restricted to f < fmax. From this simple
ansatz we developed expressions that quantitatively define the
region of parameter space where NW arrays have optimal Jsc.
Figure 7 outlines our optimization method, summarizing the

equations that quantify the limits of the optimal parameter
space. By following this procedure the NW array geometries
that maximize charge generation can be rapidly identified,
guiding further electronic modeling and experimental inves-
tigations to simultaneously optimize the charge collection
efficiency.
The construction of these arguments requires a fine balance

between making simplifying approximations and retaining the
essential physics of the various optical effects. In the calculation
of fmax for example, the essential physics of balancing reflection
losses against transmission losses was accentuated, while all
other effects, such as the modes of the NWs, were omitted
through the use of an effective index treatment. Similarly, the
derivation of dmax was based on a simple physical argument
about the excitation of diffraction orders, but required the
considered selection of a critical wavelength λav. Although the
analysis presented here is restricted to normal incidence, it is
straightforward to generalize the expressions to off-normal
incidence, and we note that previous studies of NW arrays have
found that the integrated absorption of NW arrays is altered
little for non-normal angles of incidence up to 40°.11,12

The results contained in the Supporting Information for
GaAs, silicon, and germanium NW arrays show that the
presented analytic optimization is robust to the very different
refractive indices of these materials, including large dispersive
variations in absorption coefficients. These differences produce
distinct semi-analytic predictions and unique Jsc contour
topologies. For example, silicon arrays of thickness h = 2.33
μm have an optimal volume fraction of f = 0.7 due to silicon’s
low absorptivity and an optimal period of d = 500 nm due to its
larger band gap.

■ ASSOCIATED CONTENT
*S Supporting Information
Supporting Information contains comparisons of our semi-
analytic optimization to numerically calculated values of Jsc for

silicon, germanium, and GaAs NW array solar cells. It also
contains the reflection and transmission spectra complementing
Figures 4 and 5, the derivation of the dispersion relation of
KMs and HE1m fiber modes that lead to eq 1, and the derivation
of fmax. This material is available free of charge via the Internet
at http://pubs.acs.org.
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Spectra Complementing Figures 4, 5 of Main Text
Figure 1 shows the reflection spectrum corresponding to Fig-
ure 4 of main text, while Fig. 2 transmission spectra corre-
sponding to Figure 5 of main text.
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Figure 1. Reflection spectra corresponding to Figure 4 of main
text, such that a = 43, 65, 152, 196, 240 and f = 0.15 through-
out. Note that the vertical axis range is 0−0.1. Vertical lines mark
the shortest wavelength Wood anomalies in reflection λ = nAird.
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Figure 2. Transmission spectra corresponding to Figure 5 of
main text, where d = 350 nm and increasing volume fractions
correspond to a = 88, 152, 292, 348. The spectrum of a homoge-
neous film of equal thickness is shown in red (f = 1.0).

Results for Additional Materials
GaAs is another III-V semiconductor with good opto-
electronic properties for photovoltaics. It is however expen-
sive, which further motivates the fabrication of NW arrays
to reduce the quantity of material used. Figure 3 shows
the short circuit current of GaAs NW arrays along with our
predictions for arrays of thickness h = 2.33 µm. The agree-
ment between the full simulations across the parameter-
space and the semi-analytic predictions is again good. The
optimal array marked with a blue dot at d = 300 nm,
f = 0.25 lies in the bottom right of the horizontal and
vertical lines, and on the left-hand side of the left green

†CUDOS and IPOS, School of Physics, University of Sydney, 2006,
Australia

‡CUDOS, School of Mathematical Sciences, University of Technol-
ogy Sydney, Sydney, 2007, Australia

curve. The optimal array has a short circuit current of
Jsc = 25.7 mA/cm2.

There is also a second peak in Jsc near d = 580, f = 0.35.
This peak is to the right of the vertical dmax line, and on
the left-hand side of the rightmost green curve. Arrays with
these parameters support 3 resonant modes within the ab-
sorption range as opposed to the 2 of the optimum arrays
around the blue dot. They however also excite higher diffrac-
tion orders across a larger part of the absorption range,
which limits their Jsc to values less than the optimal peak.
This could be altered by reducing the refractive index of the
substrate to shift dmax ≡ λav/nsub to a larger value. In this
GaAs example a substrate with n < 1.12 would be required
to allow for optimal performance of arrays with d = 580 nm.
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Figure 3. Numerically calculated short circuit current of Jsc of
GaAs NW arrays with the optimal array marked with a blue dot.
Superimposed are the results of our semi-analytic optimization
with the predicted optimal region emphasised with thick curves.

We now show that the method is also applicable to in-
direct bandgap semiconductors such as silicon and germa-
nium. The imaginary part of these materials refractive in-
dices changes by orders of magnitude across the solar spec-
trum, posing a challenging test for our optimization routine.
Our results however demonstrate that the method is robust
to these variations.

Figure 4 shows the numerically calculated Jsc of silicon
NW arrays of thickness h = 2.33 µm and our semi-analytic
prediction. Because of the low intrinsic absorptance of sili-
con, transmission losses are far more important than reflec-
tion losses. Our method therefore does not place a restric-
tion on the volume fraction, and the optimal array is found
to have f = 0.7. The short circuit current of this array,
which has a period of d = 500 nm, is Jsc = 17.8 mA/cm2.
The larger bandgap wavelength of silicon results in an in-
creased threshold period to dmax = 512 nm. We note that
when calculating the Key Mode cut-off radii for silicon, it
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was found to be necessary to consider lossless silicon in order
to find solutions for higher order modes at λ = 310 nm.
Furthermore, because the volume fraction is substantial in
this case the modes of individual NWs interact and a more
accurate predictions for the cut-off radii can be found using
the full expression of Eq. (10) from Sturmberg et al. 2011.1

This was not done here to simplify the graphical represen-
tation of the cut-offs.
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Figure 4. Numerically calculated short circuit current of Jsc of
silicon NW arrays with the optimal array marked with a blue dot.
Superimposed are the results of our semi-analytic optimization
with the predicted optimal region emphasised with thick curves.

Lastly, Fig. 5 shows our results for arrays of germa-
nium NWs of length h = 2.33 µm. The bandgap wave-
length of germanium is larger than that of silicon, so that
dmax = 590 nm. The average intrinsic absorptivity of ger-
manium is not as poor as for silicon, and we predict a maxi-
mal allowed volume fraction of fmax = 0.37, which matches
well with our numerical results. For germanium the optimal
array has d = 325 nm, f = 0.30 and a short circuit current
of Jsc = 42.2 mA/cm2.
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Figure 5. Numerically calculated short circuit current of Jsc of
germanium NW arrays with the optimal array marked with a
blue dot. Superimposed are the results of our semi-analytic opti-
mization with the predicted optimal region emphasised with thick
curves.

Comparison of Key Bloch Modes and Leaky Fibre
Modes
There are fundamentally two ways to view the modes of NW
arrays: as Bloch modes of the array, with their inherent
periodicity, or as the modes of isolated high index cylinders,
i.e. as optical fiber modes. The later is an approximation
that is valid only when individual NWs are far apart such

that their interaction is negligible. To calculate properties
of the former on the other hand we retain the periodicity
of modes and thereby the interaction between NWs, but
truncate the field expansions at the dipole term.

Below we discuss which optical fiber modes are important
for the absorption of solar radiation, derive the dispersion
relation of the truncated multipole series and show how the
two descriptions agree exactly in the limit that the NWs are
infinitely far apart.

Leaky Optical Fiber Modes
The modes of waveguides are generally composed of Trans-
verse Electric (TE0m), Transverse Magnetic (TM0m), and
hybrid EHvm and HEvm modes. In step-index optical fibers
the field components tangential to the cylinder surface are in
general non-zero so that the modes are of EHvm and HEvm
type. The well known dispersion relation of HEvm (and
EHvm) modes is,2

(
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+
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, (1)

where βz is the mode’s propagation constant and εi,
ki =

√
εiω2/c2 − β2

z are the permittivities and transverse
wavenumbers in the NWs (i = 1) and background (i = 2)
respectively. J1 is the first order Bessel function and K1 is
the modified Bessel function of the second kind and primes
denote derivation with respect to the functions argument.

Of all possible EHvm and HEvm modes, only the HE1m

modes share the anti-symmetric in-plane field distribution
of the incident plane waves, and therefore these are the only
modes that contribute to the absorption of NW arrays.3

Dipole Approximation of Key Bloch Modes
When studying the absorption characteristics of NW arrays
in terms of their Bloch modes we found that a small number
of Bloch modes dominated the absorption, which we called
Key Modes (KMs).1 Examining the field distributions of
the KMs we observed that the Ez component of the KMs is
dipolar. We therefore construct a multipole model for the
Bloch modes of the NW array and retain only the dipole
terms, which correspond to the KMs.

To begin constructing the multipole model we write the
electric and magnetic fields in a form that automatically
satisfies Helmholtz’s equation in cylindrical coordinates,

Einternalz (r, θ) =

∞∑

m

CmJm(k1r)e
imθ. (2)

Since the KMs are dipolar in Ez we consider only the first
order dipole term;

Eexternalz (r, θ) = [AEJ1(k2r) +BEH
(1)
1 (k2r)]e

iθ, (3)

Einternalz (r, θ) = CEJ1(k1r)e
iθ, (4)

Hexternal
z (r, θ) = [AHJ1(k2r) +BHH

(1)
1 (k2r)]e

iθ, (5)

Hinternal
z (r, θ) = CHJ1(k1r)e

iθ, (6)

where H
(1)
1 is the first order Hankel function of the first kind

and the ki are defined as above.
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The effect of the infinite lattice is taken into account
through the Rayleigh identity,

AE,Hm =

∞∑

n

Sm−nB
E,H
n , (7)

which to first (dipole) order is,

AE,H1 = S0B
E,H
1 . (8)

This allows us to eliminate the coefficients A, C from Eqs.
(3-6) after enforcing the continuity of Ez, Hz at the cylinder
boundary (r = a),

CE,H =
1

J1(k1a)
[BE,HH

(1)
1 (k2a) +AE,HJ1(k2a)], (9)

=
1

J1(k1a)
[BE,HH

(1)
1 (k2a) + S0B

E,HJ1(k2a)], (10)

=
1

J1(k1a)
[H

(1)
1 (k2a) + S0J1(k2a)]BE,H . (11)

We now write the internal and external fields in terms of the
single coefficient BE,H ,

Eextz (r, θ) = [H
(1)
1 (k2r) + S0J1(k2r)]B

Eeiθ, (12)

Eintz (r, θ) =
1

J1(k1a)
[H

(1)
1 (k2a) + S0J1(k2a)]J1(k1r)B

Eeiθ,

(13)

Hext
z (r, θ) = [H

(1)
1 (k2r) + S0J1(k2r)]B

Heiθ, (14)

Hint
z (r, θ) =

1

J1(k1a)
[H

(1)
1 (k2a) + S0J1(k2a)]J1(k1r)B

Heiθ.

(15)

Assuming a field harmonic in time (e−iωt), Maxwell’s curl
equations are,

∇× E = iωµ0µ1H, (16)

∇×H = −iωε0ε1E. (17)

Which after splitting into radial and angular components
and using the expression for ∇ in cylindrical coordinate read
as,

∂Er
∂z
− ∂Ez

∂r
= iωµ0µ1Hθ, (18)

∂Hr
∂z
− ∂Hz

∂r
= −iωε0ε1Eθ, (19)

1

r

∂Ez
∂θ
− ∂Eθ

∂z
= iωµ0µ1Hr, (20)

1

r

∂Hz
∂θ
− ∂Hθ

∂z
= −iωε0ε1Er. (21)

Now, propagation along the z-direction is given by the
wavevector kz = βz, so we write Eqs. (18) - (21) in the form
∂Er
∂z

= iβzEr etc. We thereby find two relations between the
z, θ components of the fields (i.e. eliminating r components)
by substitution of Eqs. (18), (20) and (19), (21),

Eθ =
i

k2

[
βz

r

∂Ez
∂θ
− ωµ0µ1

∂Hz
∂r

]
, (22)

Hθ =
i

k2

[
βz

r

∂Hz
∂θ
− ωε0ε1 ∂Ez

∂r

]
. (23)

We now match the internal and external fields, Eqs. (22,
23), at the cylinder boundary using the expressions (12-15),

1

k2
1

[
iβz

a
[H

(1)
1 (k2a) + S0J1(k2a)]BE

− ωµ0µ1k1
J

′
1(k1a)

J1(k1a)
[H

(1)
1 (k2a) + S0J1(k2a)]BH

]

=
1

k2
2

[
iβz

a
[H

(1)
1 (k2a) + S0J1(k2a)]BE

− ωµ0µ2k2[H
(1)′
1 (k2a) + S0J

′
1(k2a)]BH

]
, (24)

and

1

k2
1

[
iβz

a
[H

(1)
1 (k2a) + S0J1(k2a)]BH

+ ωε0ε1k1
J

′
1(k1a)

J1(k1a)
[H

(1)
1 (k2a) + S0J1(k2a)]BE

]

=
1

k2
2

[
iβz

a
[H

(1)
1 (k2a) + S0J1(k2a)]BE

+ ωε0ε2k2[H
(1)′
1 (k2a) + S0J

′
1(k2a)]BE

]
, (25)

where exponential and J1(k1a) terms have been cancelled.
Further division by the terms in square brackets leads to the
expressions,

1

k2
1

[
iβz

a
BE − ωµ0µ1k1

J
′
1(k1a)

J1(k1a)
BH
]

=
1

k2
2

[
iβz

a
BE − ωµ0µ2k2

H
(1)′
1 (k2a) + S0J

′
1(k2a)

H
(1)
1 (k2a) + S0J1(k2a)

BH
]
,

(26)

1

k2
1

[
iβz

a
BH + ωε0ε1k1

J
′
1(k1a)

J1(k1a)
BE
]

=
1

k2
2

[
iβz

a
BH + ωε0ε2k2

H
(1)′
1 (k2a) + S0J

′
1(k2a)

H
(1)
1 (k2a) + S0J1(k2a)

BE
]
.

(27)

To calculate the full dispersion relation we rearrange
Eqs. (26, 27) into the matrix equation,
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ω

[
ε0ε1J

′
1(k1a)

k1J1(k1a)
− ε0ε2(H

(1)′
1 (k2a)+S0J

′
1(k2a))

k2(H
(1)
1 (k2a)+S0J1(k1a))

]
iβz
a

[
1
k21
− 1

k22

]

iβz
a

[
1
k21
− 1

k22

]
ω

[
−µ0µ1J

′
1(k1a)

k1J1(k1a)
+

µ0µ2(H
(1)′
1 (k2a)+S0J

′
1(k2a))

k2(H
(1)
1 (k2a)+S0J1(k1a))

]



[
BE

BH

]
=

[
0
0

]
. (28)

Solutions of which are found from the zeros of the deter-
minant,

[
ε0ε1J

′
1(k1a)

k1J1(k1a)
− ε0ε2(H

(1)′
1 (k2a) + S0J

′
1(k2a))

k2(H
(1)
1 (k2a) + S0J1(k2a))

]
×

[−µ0µ1J
′
1(k1a)

k1J1(k1a)
+
µ0µ2(H

(1)′
1 (k2a) + S0J

′
1(k2a))

k2(H
(1)
1 (k2a) + S0J1(k2a))

]

+
β2

z

ω2a2

[
1

k2
1

− 1

k2
2

]2

= 0. (29)

Agreement of Models in the Dilute Array Limit
In the limit where the NWs are very far apart, such that
their fields do not overlap we set S0 = 0 in the dispersion
relation for the KMs (Eq. 29).

[
ε0ε1J

′
1(k1a)

k1J1(k1a)
− ε0ε2H

(1)′
1 (k2a)

k2H
(1)
1 (k2a)

]
×

[−µ0µ1J
′
1(k1a)

k1J1(k1a)
+
µ0µ2H

(1)′
1 (k2a)

k2H
(1)
1 (k2a))

]

+
β2

z

ω2a2

[
1

k2
1

− 1

k2
2

]2

= 0. (30)

Moving the last term to the RHS, multiplying both sides by
c2 = 1/ε0µ0, and setting µ1 = 1 we have

[
ε1J

′
1(k1a)

k1J1(k1a)
− ε2H

(1)′
1 (k2a)

k2H
(1)
1 (k2a)

][
µ1J

′
1(k1a)

k1J1(k1a)
− µ2H

(1)′
1 (k2a)

k2H
(1)
1 (k2a))

]

=
c2β2

z

ω2a2

[
1

k2
1

− 1

k2
2

]2

. (31)

To compare this to the dispersion relation for HE1m

(EH1m) fiber modes we rewrite Eq. 1 multiplying both sides
by a2 and with k0 = ω/c,
(
ε1
k1

J
′
1(k1a)

J1(k1a)
+
ε2
k2

K
′
1(ik2a)

K1(ik2a)

)(
1

k1

J
′
1(k1a)

J1(k1a)
+

1

k2

K
′
1(ik2a)

K1(ik2a)

)

=

(
c2β2

z

ω2a2

)(
1

k2
1

− 1

k2
2

)2

.

(32)

We see that we need to convert the modified Bessel func-
tions of the second kind K into Hankel functions of the first
kind. Using relation 9.6.4 from Abramowitz and Stegun,4

Kv(z) =
π

2
ie
ivπ
2 H(1)

v (ze
iπ
2 ), for− π < arg(z) ≤ π

2
. (33)

For v = 1,

K1(z) = −π
2
H

(1)
1 (iz), (34)

K1(ik2a) = −π
2
H

(1)
1 (−k2a) (35)

To convert the K
′

term we use the recurrence relations of
9.6.26,4

K
′
v(z) = −π

2
ie
iπ
2

(v+1)H
(1)
v+1(iz) +

v

z

π

2
ie
iπ
2

(v)H(1)
v (iz), (36)

which for v = 1 is

K
′
1(z) =

π

2
iH

(1)
2 (iz)− 1

z

π

2
H

(1)
1 (iz), (37)

=
π

2
iH

(1)
2 (iz)− i

iz

π

2
H

(1)
1 (iz), (38)

= −π
2
i

(
−H(1)

2 (iz) +
1

iz
H

(1)
1 (iz)

)
. (39)

Using the substitution y = iz (s.t. dz = −idy) this can be
written as

K
′
1(−iy)

−i = −π
2
i

(
−H(1)

2 (y) +
1

y
H

(1)
1 (y)

)
, (40)

and comparing this with 9.1.27,4

H(1)′
v (z) = −H(1)

(v+1)(z) +
v

z
H(1)
v (z), (41)

we see that, for v = 1,

K
′
1(−iy)

−i = −π
2
i

(
H

(1)′
1 (y)

)
. (42)

Substituting in ik2a = −iy, s.t. y = −k2a we find that

K
′
1(ik2a) = −π

2

(
H

(1)′
1 (−k2a)

)
(43)

Substituting Eq. 35 and Eq. 43 into Eq. 32 gives
(
ε1
k1

J
′
1(k1a)

J1(k1a)
+
ε2
k2

H
(1)′
1 (−k2a)

H
(1)
1 (−k2a)

)
×

(
1

k1

J
′
1(k1a)

J1(k1a)
+

1

k2

H
(1)′
1 (−k2a)

H
(1)
1 (−k2a)

)

=

(
c2β2

z

ω2a2

)(
1

k2
1

− 1

k2
2

)2

. (44)

To write the H
(1)
1 terms as a function of k2a we note

that the real part of the Henkel function of the first kind
is symmetric while the imaginary part of this function is
anti-symmetric, i. e.

H
(1)
1 (−z) = Re(H

(1)
1 (z))− i Im(H

(1)
1 (z)). (45)

The first derivative of a symmetric function is anti-
symmetric and vice versa, therefore

H
(1)′
1 (−z) = − Re(H

(1)′
1 (z)) + i Im(H

(1)′
1 (z)). (46)

Taking the fraction containing the Henkel functions we have

Re

(
H

(1)′
1 (−z)

H
(1)
1 (−z)

)
=
−Re(H

(1)′
1 (z))

Re(H
(1)
1 (z)

, (47)

Im

(
H

(1)′
1 (−z)

H
(1)
1 (−z)

)
=

Im(H
(1)′
1 (z))

−Im(H
(1)
1 (z)

, (48)

H
(1)′
1 (−z)

H
(1)
1 (−z)

= −H
(1)′
1 (z)

H
(1)
1 (z)

. (49)

Our final expression for the dispersion relation for the
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HE1m (EH1m) modes is therefore

(
ε1
k1

J
′
1(k1)

J1(k1a)
− ε2
k2

H
(1)′
1 (k2a)

H
(1)
1 (k2a)

)
×

(
1

k1

J
′
1(k1a)

J1(k1a)
− 1

k2

H
(1)′
1 (k2a)

H
(1)
1 (k2a)

)

=

(
c2β2

z

ω2a2

)(
1

k2
1

− 1

k2
2

)2

. (50)

This agrees exactly with the dipole expression when S0 = 0
and µ1 = µ2 = 1, i. e. Eq. 31.

Derivation of Key Mode Cut-off
To find the cut-off of the KMs we take the limit βz → 0 in
Eqs. (26, 27). Doing so we find 2 uncoupled equations,

[
µ0µ1

k1

J
′
1(k1a)

J1(k1a)
− µ0µ2

k2

H
(1)′
1 (k2a) + S0J

′
1(k2a)

H
(1)
1 (k2a) + S0J1(k2a)

]
BH = 0,

(51)
[
ε0ε1
k1

J
′
1(k1a)

J1(k1a)
− ε0ε2

k2

H
(1)′
1 (k2a) + S0J

′
1(k2a)

H
(1)
1 (k2a) + S0J1(k2a)

]
BE = 0,

(52)

for a TE and a TM mode respectively. When S0 = 0 and
µ1 = µ2 = 1 these are equivalent to the first and second
terms on the LHS of Eq. 50 (the HE1m (EH1m) dispersion
relation). The TE modes have dipolar magnetic fields and
the TM modes have dipolar electric fields. Since the strongly
excited modes of NW arrays have dipolar electric fields and
BH > BE , we consider only the cut-offs of the TM modes,

ε1
k1

J
′
1(k1a)

J1(k1a)
− ε2
k2

H
(1)′
1 (k2a) + S0J

′
1(k2a)

H
(1)
1 (k2a) + S0J1(k2a)

= 0. (53)

This is consistent with the fields being HE1m modes rather
than EH1m modes, which they must to satisfy the symmetry
requirements for coupling to the incident plane waves.

When S0 = 0 this gives Eq. 1 of the main text,

ε1J
′
1(k1a)

k1J1(k1a)
− ε2H

(1)′
1 (k2a)

k2H
(1)
1 (k2a)

= 0. (54)

Derivation of fmax

As discussed in the main text, we derive fmax by limiting the
magnitude of the reflection. This is done using an effective
index treatment that removes a and d from the calculation,
combined with a Fresnel calculation of the reflection and
transmission of the thin film with the effective properties.
The method is illustrated in Fig. 6.

We calculate the real part of the effective refractive in-
dex from the Bruggeman formulation5 for the effective per-
mittivity εeff BR. Defining the permittivity of the complex
background/inclusion as εbkg/inc this is,

(1− f)
ε2bkg − ε2eff BR

ε2bkg + 2ε2eff BR

+ f
ε2inc − ε2eff BR

ε2inc + 2ε2eff BR

= 0, (55)

such that
n′BR = Re(

√
εeff BR). (56)

The absorptivity of the effective medium is however severely
underestimated using the Bruggeman formulation, and so we
calculate the imaginary part of the effective index using the
Volume Averaging Theory.6,7 Keeping the nomenclature for
f and writing the real and imaginary part of the refractive

Reflected

Transmitted

A
b
so
rb

Incident

d
h

a

Reflected

Transmitted

A
b
so
rb

Incident

h

Figure 6. Representation of the effective index treatment show-
ing the first 2 terms of the infinite Fabry-Perot reflection and
transmission series.

index of the inclusion/background material as n′inc/bkg and
n′′inc/bkg respectively this is,

A = f(n
′2
inc − n

′′2
inc) + (1− f)(n

′2
bkg − n

′′2
bkg), (57)

B = 2fn′incn
′′
inc + 2(1− f)n′bkgn

′′
bkg, (58)

nVAT =

√
A+
√
A2 +B2

2
+ i

√
−A+

√
A2 +B2

2
. (59)

Taking the imaginary part of the effective index, n
′′
VAT =

Im(nVAT), we write the complex effective refractive index as

neff = n′BR + in
′′
VAT. (60)

Using this effective index we calculate the Fresnel coef-
ficients of the top and bottom interfaces for each value of
0 < f < π/4,

rij =
ni − nj
ni + nj

, (61)

tij =
2ni

ni + nj
, (62)

where i, j label the incident and outgoing media respectively
for each interface.

The transmittance and reflectance are then obtained using
the Fresnel equations, with the propagation constant within

the absorbing layer βz =
2πneff

λ
,

r(λ) =
r12 + r23e

2iβzh

1 + r12r23e2iβzh
, (63)

t(λ) =
t12t23e

iβzh

1 + r12r23e2iβzh
. (64)

In the presence of the substrate with refractive index n3 and
superstrate with n1 the reflection and transmission spectra
are therefore

R(λ) = r(λ)r(λ)†, (65)

T (λ) =
Re(n3)

Re(n1)
t(λ)t(λ)†. (66)

We integrate the spectra after weighting them by the solar
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Figure 7. Effective reflectance and transmittance as function of
volume fraction for h = 2.33 µm.

flux to arrive at a single averaged value for each f . For
instance the average transmission is,

Tav(f) =

∫ λg
λl

ξ(λ)T (λ)dλ
∫ λu
λl

ξ(λ)dλ
, (67)

where, as in the main text ξ(λ) = I(λ)λ. Finally we evaluate
where Rav(f) = Tav(f), which defines the volume fraction
fmax.

As an example, Fig. 7 shows the reflectance and transmit-
tance calculated with the presented effective index model, as
a function of InP volume fraction for an array of thickness
h = 2.33 µm.
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4.3 Comparison with Nanohole Array Solar Cells
The complements of nanowire arrays are nanohole arrays, where the connected background
medium has the higher refractive index than the inclusions [159, 160]. In this section we
summarize the similarities and the striking differences that were revealed by our study of
NH arrays [7].

The major difference between NW arrays and NH arrays is the type of optical modes
that the structures support. The Bloch modes of nanostructured media are predominantly
determined by the high index part of the structure; in the case of NWs these are the isolated
inclusions, while for NH arrays this is the connected matrix. Though the majority of the
modes are concentrated within the background (as in Fig. 4.1(b)), there are also BMs that are
concentrated within the low index inclusions (see Fig. 4.1(c)). These were earlier identified
in [161, 162] using full-wave simulations and experiments, which made their identification
far more challenging than it was using EMUstack. These “channelling modes” have both
positive and negative effects: drastically reducing the reflection, at the expense of increasing
transmission.

The NH arrays also support guided mode resonances, which are superpositions of BMs,
that propagate laterally in the plane of the high index layer. These resonances are excited
when their transverse propagation constants match that of the incident light with the ad-
dition of the in-plane momentum provided by the array’s reciprocal lattice vector [7]. The
light that is coupled into these modes experiences greatly enhanced absorption because it
propagates a long distance transversely while trapped within the slab. Figure 4.2 shows the
dispersion diagram of a 2.33 µm thick silicon slab on a silica substrate, where the waveguide
modes exist above the silicon and under the silica light lines. The lower horizontal line in
Fig. 4.2 marks the bandgap wavelength of silicon, while the dashed horizontal line indicates
the wavelength at which the silicon layer becomes too lossy to support waveguide modes,
which we approximate as where αh = 0.5. The vertical line marks where the dashed hori-
zontal line intersects the silica light line, thereby indicating the period that maximises the
number of waveguide modes (and resonant absorption peaks) excited by normally incident
light in the silicon layer.

Our optimisation of NH arrays begins as in Paper 4.2, by defining an upper bound on
the volume fraction of absorber to limit specular reflection, except that we use Maxwell-
Garnett theory [163] to calculate the effective index, and restrict the maximum period to
limit the number of diffracted orders excited in the surrounding media. A lower bound on
the period is derived from Fig. 4.2. What we lack is a bound on the maximum diameter of
the inclusions (i.e. a lower bound on the volume fraction). We have not been successful in
deriving such a quantity because we observe that the net effect of the channelling modes is
positive or a negative influence depending on the other parameters of the array, in particular
the thickness. Despite this limitation, our analysis defines a refined range of structures that
are well suited to SC applications, in good agreement with numerical results. For a more
detailed analysis of NH arrays see [7].

(a)

0.0 1.00.5

(b)

0.0 1.00.50.0 1.00.5

(c)

0.0 1.00.5

Figure 4.1: Plots of ||E||2 at λ = 669 nm for (a) a SiNW array and (b), (c) SiNH arrays with
period 500 nm and inclusion diameter of 400 nm. The mode in (a) is a KM; (b) shows a
BM that is concentrated in the high index background; and (c) is a channelling mode with
energy concentrated in the low index inclusion.
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Figure 4.2: Dispersion diagram of 2.33 µm thick silicon slab on a silica substrate. Shown are
the air, silica and silicon light lines (with decreasing slope), as well as the curves for the
guided slab modes. The lower horizontal line lies at the bandgap wavelength of silicon, while
the dashed horizontal line marks the wavelength at which the silicon layer becomes too lossy
to support waveguide modes. The horizontal line marks the edge of the solar irradiance peak
and the vertical line marks where the horizontal line intersects the silica light line, which
indicates the period that excites the greatest number of waveguide modes in the silicon NH
array.

4.3.1 Effective Medium Theories for Nanowire and Nanohole Array
In Paper 4.2 we approximated the complex refractive index of lossy NW arrays using different
effective index formulations for the real and imaginary parts of the refractive index: the
Bruggeman formulation [164] for n′, and volume average theory (VAT) [165, 166] for n′′.
This was done because it produced the most accurate approximations to both n′ and n′′,
and thereby improved the accuracy of our semi-analytic predictions of optimal absorption;
the Bruggeman equations overestimate n′′/n′, while VAT underestimates n′′/n′.

While previous studies of lossy nanoporous films have also to mixing two different theories
[167, 168], there is a fundamental problem in these approaches: the resultant n = n′ +
in′′ does not adhere to the Kramers-Kronig relations and therefore breaks causality [169].
Hopefully these ad hoc procedures can be replaced in the future by valid and accurate
effective medium theory for structures containing isolated lossy dielectrics. For the NH case
where the lossy dielectric forms a connected background, we found that the Maxwell-Garnett
theory [163] produced accurate approximations for both n′ and n′′.

Epilogue
We presented our analysis of the interrelated optical effects that occur in NW arrays, from
which we constructed a semi-analytic method of optimising the broadband absorption of the
arrays. We also compared the physics of NW arrays and NH arrays.

Throughout these studies we assumed that the NWs were identical, and were arranged
in a regular square lattice, characterised by a single optimal value for a and d respectively.
The relationship between the location of the absorption resonances and the diameter of the
NWs hints at the possibility that the integrated absorption could be increased further by
including NWs of multiple diameters. The dependence of the reflectance on the effective
index of the array (i.e. the volume fraction f) meanwhile indicates that variations in NW
diameter would not alter the reflectance, as long as f remained fixed. In the next chapter
we explore the potential to improve the efficiencies of NW arrays by including multiple
diameters in the array, as well as by introducing disorder into the position of the NWs.
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Chapter 5

Nanowire Array Photovoltaics II:
The Role of Disorder

The stars of the city night
aren’t as numerous,
as they are in the country side,
where they humble us.
There your sight is cast,
further into the vast.

kooii

The propagation and absorption of waves in disordered media is a rich field of physics that
includes the study of light in dielectric structures [170], electrons in semiconductors [171],
and cold atoms in laser speckles [172, 173]. Two prominent optical effects are the localisation
of light [174, 175], and the emergence of random lasing [176, 177]. For photovoltaic applica-
tions the interest in disorder arises from the potential to improve the broadband/wide-angle
response of resonant light trapping structures [178]. The most studied disorder nanostruc-
tures are NW arrays [2, 179–181] and NH arrays [182–187], with studies generally considering
the effect of randomising the arrangement of the inclusions. The physics of these arrays is
best investigated numerically because meaningful results pertain to statistical quantities de-
rived from an ensemble of different random realisations. Obtaining these experimentally
would be extremely time consuming.

Investigating the optical physics of disorder using simulations is also challenging. By
definition, it is impossible to reduce a fully randomised structure to a unit cell (with a small
computational domain). This means that the random structure must be approximated by a
periodic quasi-random unit cell, the size of which is limited by the computational resources
available. Even with modern supercomputers this is limited to an area smaller than tens
of periods, far smaller than the macroscopic size of a solar cell. It is also difficult to derive
physical insights from absorption values alone.

Our studies focussed on NW arrays, where the limited number of previous studies had
shown examples of disordered arrays outperforming their ordered counterparts [179–181].
These studies however had not identified the mechanisms driving this enhancement, and
it was unclear how general the findings were; how do the disordered arrays compare to
optimised ordered arrays, and how do fully randomised structures compare to arrays where
the disorder is managed within some constraints, such as selecting the NW diameters from
a Gaussian distribution (as was done by Bozzola et al. [188] with 1D structures)?

In Paper 5.1 and Paper 5.2 we addressed the first question, asking respectively: (i) does
including NWs with varying diameters improve the absorption, and if so why; (ii) and does
arranging the NWs in disordered arrays enhance the absorption, and if so why? To examine
these questions in detail we simplified the structures, stripping back disordered systems to
the essential features that differentiate them from ordered arrays.
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To address question (ii), recent studies have probed the transition between periodic ar-
rays, arrays with correlated disorder, and fully random arrays [184, 186]. These studies
have shown that the spectral and angular responses of disordered photonic structures can
be tuned through structural correlations to achieve strongly enhanced absorption, however
a definition of the ideal type of disorder remains illusive. We partially addressed this issue in
Paper 5.1, where we showed that non-uniform arrays that are systematically designed work-
ing from physical insights could achieve superior integrated absorption than randomised
structures. A comprehensive comparison between the performance of fully optimised or-
dered structures and fully optimised disordered structures remains an open challenge for the
community. Such a study is difficult because the outcomes may be influenced substantially
by the bounds placed on the optimisation, and the specific details of the structures (for
example the thickness of the absorber).

Note that throughout the papers in this chapter we use the “ultimate efficiency”, as
derived in Sect. 2.2.3, as the FoM to assess the performance of the NWs. This only considers
thermalisation losses and is directly proportional to the Jsc used in Paper 4.2.

Prelude to Papers 5.1 and 5.2
We now present the two papers in which we examine the effects of disorder in NW array
SCs:

B. C. P. Sturmberg, K. B. Dossou, L. C. Botten, A. A. Asatryan, C. G. Poulton, R. C.
McPhedran and C. M. de Sterke. “Nanowire array photovoltaics: Radial disorder versus
design for optimal efficiency”. Appl. Phys. Lett. 101, 173902 (2012)

B. C. P. Sturmberg, K. B. Dossou, L. C. Botten, A. A. Asatryan, C. G. Poulton, R. C.
McPhedran and C. M. de Sterke. “Absorption enhancing proximity effects in aperiodic
nanowire arrays”. Opt. Express 21, A964–A969 (2013)
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Solar cell designs based on disordered nanostructures tend to have higher efficiencies than structures

with uniform absorbers, though the reason is poorly understood. To resolve this, we use a semi-

analytic approach to determine the physical mechanism leading to enhanced efficiency in arrays

containing nanowires with a variety of radii. We use our findings to systematically design arrays

that outperform randomly composed structures. An ultimate efficiency of 23.75% is achieved with

an array containing 30% silicon, an increase of almost 10% over a homogeneous film of equal

thickness. VC 2012 American Institute of Physics. [http://dx.doi.org/10.1063/1.4761957]

Strongly absorbing nanostructures are of increasing im-

portance in photovoltaics, as solar cell thicknesses are

reduced to minimise costs.1–3 Popular approaches to achieve

light trapping in these cells include the use of plasmonic

nanoparticles and diffraction gratings, as well as nanostruc-

turing the absorbing layer.4–6 These subwavelength nano-

structures allow for the macroscopic light trapping limit to

be exceeded,7,8 and unlike random texturing are compatible

with the scale of thin-films. Here, we focus on silicon nano-

wire (NW) arrays as a general form of two-dimensional

nanostructured active layer.9–12 These structures allow for

the decoupling of the charge carrier and absorption lengths

and provide a strong enhancement of absorptance compared

to homogeneous films of equal thickness.13–15

For NW arrays to achieve optimal photovoltaic effi-

ciency, it is of crucial importance to carefully design their

geometric parameters. To this end parameter searches across

radius and period have been carried out,16,17 concluding that

arrays of period greater than 500 nm with approximately 60%

fill fractions maximise efficiency. Further studies introduced

disorder in NW position, radius, and length, finding that var-

iations in any and all parameters enhance absorption.18–20

These studies were however unable to elucidate the physical

mechanism, which is responsible for the increased absorption,

or the role played by disorder, as they were solely based on

purely numerical simulations. Here, we resolve this issue by

clarifying the mechanism for enhanced absorption for the par-

ticular case of radius disorder. Using a mode-based numerical

method in combination with a simple analytic approxima-

tion,21,22 we study arrays containing increasing numbers of

sublattices of different radius NWs. This approach shows that

the NWs’ absorption resonances can be widely and predict-

ably tuned by varying their radii. Since the absorption reso-

nance depends on NW radius, random arrays with a variety

of NW radii have a broader absorption spectrum than arrays

with identical NWs, leading to higher photovoltaic efficiency.

However, yet higher efficiency is achieved in arrays in which

the NW radii are carefully chosen so as to match the solar

irradiance spectrum.

We begin with arrays containing two square sublattices

(inset Fig. 1). Our aim is to compare the efficiency when all

NWs have the same radius, to the case in which the NW radii

a1;2 on the two sublattices differ while keeping the fill frac-

tion f � pða2
1 þ a2

2Þ=ð2d2Þ constant at f¼ 30%. We found

this fill fraction to be approximately optimal because it

allows for the incorporation of a greater degree of disorder

than the 60% found to be optimal for uniform arrays. Our

results are compiled in Fig. 1, which shows the ultimate

efficiency23 g for NW radii varying between 50 � a1;
a2 � 300 nm. The distance between adjacent NWs d is var-

ied between 115 � d � 492 nm, so as to keep f constant. The

silicon NW arrays have a thickness (NW height) of 2330 nm

and are placed on a SiO2 substrate. In this figure, arrays of

equal period lie on circular arcs. Though we see substantial

variation of g with lattice spacing d, the key observation for

the present purpose is that for any given lattice spacing, the

introduction of radial variation, i.e., moving off the diagonal

a2 ¼ a1, enhances the efficiency. This indicates that the

FIG. 1. Ultimate efficiency for 30% silicon NW arrays containing 2 sublatti-

ces with differing radius (inset shows a typical unit cell). Dots indicate simu-

lation results and the arc marks arrays with d¼ 181 nm.a)b.sturmberg@physics.usyd.edu.au.

0003-6951/2012/101(17)/173902/4/$30.00 VC 2012 American Institute of Physics101, 173902-1
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effect of introducing radial disorder is universal and does not

depend on the lattice spacing. We, therefore, henceforth

present results for d¼ 300 nm only, though we obtained

similar results for d¼ 150 nm and 600 nm. In the case of

d¼ 181 nm, which is marked in Fig. 1, g increases

from 16.2% (a1 ¼ a2 ¼ 79 nm) to 21.4% (a1 ¼ 90 nm;
a2 ¼ 66 nm).

To analyse this enhancement, we plot the absorption

spectra of complex arrays with d¼ 300 nm composed of two

sublattices: a1 ¼ 60 nm and a2 ¼ 70, 105, and 125 nm in

Figs. 2(a)–2(c), respectively (black curves). Also, plotted are

the absorption spectra of each sublattice separately, i.e.,

where NWs of one radius have been removed such that

a1 ¼ 60, 70, 105, and 125 nm and a2 ¼ 0 nm (coloured bro-

ken curves). We observe that the superposition of the individ-

ual sublattice’s spectra is a good approximation to the

complex array’s spectrum. This is also the case for the disper-

sion diagrams (not shown), where the modes of the array con-

taining both radii are the combination of each sublattice’s

modes in only slightly altered form. Examining the modal

field plots at the absorption peaks confirms that at these wave-

lengths the fields of the complex array are predominantly con-

centrated within the NWs of the respective sublattice.

Before examining the superposition phenomenon in

detail, we summarise the results of our modal analysis of

regular periodic NW arrays.21 Our central finding was that

NW array absorption spectra are determined predominantly

by a small set of key modes (KMs). These are ideally suited

to strong absorption due to their confinement of light within

the absorbing media, low group velocity, and efficient cou-

pling to the incident fields. They also exhibit Fabry-P�erot

resonances. The strong dispersion of NW arrays however

means that the KMs are highly absorbing over only a limited

wavelength range of tens of nanometers (see Fig. 2). The

long-wavelength edge of the absorption peak is given by the

KM’s cut-off wavelength, where its complex valued propa-

gation constant becomes predominantly (due to weak mate-

rial loss) real and positive. Using a dipole approximation for

the KMs, we found a simple expression for their cut-off

wavelength.21

Here, we extend the dipole model to describe more com-

plex arrays containing multiple sublattices. This analysis

indicates that the cut-offs of the modes of a particular sublat-

tice depend only weakly on the presence of other sublattices.

In turn, this implies that the absorption of each of the sublat-

tices is essentially independent of the presence of the other

sublattices, consistent with Fig. 2. Such weak sensitivity of

modes near cut-off to variations in the surroundings has pre-

viously been found in studies of microstructured optical

fibres.24,25

Building on this understanding of arrays with two sub-

lattices, we now optimize the absorption of a NW array com-

posed of four sublattices. To do this, we use the dipole

model to calculate the KM cut-off wavelengths of a range of

NW radii for a set NW spacing. The result (for d¼ 300 nm)

is shown in Fig. 3, where discontinuities occur when no real

solutions exist for the cut-off wavelength. Such a plot is pro-

duced in under 10 s, making the dipole model an extremely

efficient design tool.

We maximise the ultimate efficiency g by selecting KM

cut-offs at roughly 70 nm spacing, corresponding to the char-

acteristic width of an absorption peak, across the 450–

750 nm peak in solar irradiance (inset Fig. 3). As a proof-of-

concept design, we select a¼ 60, 70, 105, and 125 nm, such

that f¼ 30%. These radii are marked by crosses in Fig. 3.

The absorption spectrum of the designed array (D4) is shown

in Fig. 4 (black curve) along with the spectra when all but

one of the sublattices is removed (coloured broken curves).

We see that the design process leads to high absorptance

across the target wavelength range and that the absorptance

is well approximated by the superposition of the 4 sublattice

FIG. 2. Absorption spectra of complex arrays containing two radii, where

d¼ 300 nm, a1 ¼ 60 nm and a2 ¼ 70, 105, 125 nm in (a), (b) and (c) respec-

tively. Broken curves show the spectra of individual sublattices.

FIG. 3. Key mode cut-off wavelengths for d¼ 300 nm as a function of NW

radius as calculated by the dipole model. Radii selected are marked by

crosses and the inset shows the AM 1.5 solar irradiance spectrum.
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spectra. Consistent with our earlier argument, permutation of

the positions of the 4 NWs does not alter the absorption spec-

tra discernibly. The ultimate efficiency achieved with D4 is

g ¼ 22:7%, which is a significant increase over a regular

array with uniform NWs at equal spacing and fill fraction,

for which g ¼ 17:6%.

To elucidate the effects of disorder, we simulate arrays

with large supercells in which the radii are chosen randomly.

Specifically, we simulate an ensemble of 100 arrays with

supercells that contain 16 NWs. The spacing between adja-

cent NWs is again d¼ 300 nm, and the radii are selected

from an uniform distribution ranging between 50–150 nm

(comparable results were obtained for other distributions).

To make a fair comparison, we select arrays for which

29:999% � f � 30:001%. Figure 5 shows that the efficiency

g of the ensemble members (blue bars) varies between

21.4% and 23.6%, with an average of g ¼ 22:6% (dashed

line). This is a very significant increase over the comparable

regular array (g ¼ 17:6%), but is slightly less than the

designed array D4 for which g ¼ 22:7% (dotted-dashed

line). However, the ensemble members with the highest effi-

ciencies easily outperform the D4 array. These results indi-

cate that high absorption efficiency requires NWs of

different radii, each of which absorbs strongly over a rela-

tively narrow wavelength range. This suggests that even

higher efficiencies can be achieved in carefully designed

arrays with sufficient freedom to match the solar emission

spectrum more completely.

To this end, we design an array containing 16 different

radii (D16). As for the 4 radius case, the dipole model is

used to select radii for their KM cut-off wavelengths. Taking

the D4 design as a starting point, we achieved an efficiency

of 23.75% with radii of 60, 64, 66, 70, 72, 76, 78, 89, 91, 93,

95, 100, 116, 120, 125, and 129 nm. This efficiency is more

than 2.6 standard deviations above the random arrays’ mean,

as shown in the histogram on the right of Fig. 5. Assuming

Gaussian statistics, the likelihood of achieving an equal or

higher efficiency with a random array is, therefore, estimated

at less than 0.4%. Indeed in Fig. 5, we see that the D16 array

outperforms even the best random structure by about 0.15%.

In summary, we have shown how the inclusion of dif-

ferent radii in NW arrays produces an absorption spectrum

that is the superposition of each of the sublattice’s spectra.

This dramatically enhances the ultimate efficiency of such

structures relative to arrays with NWs of uniform radius.

When the NW radii are selected at random, the average

enhancement over uniform arrays is 5%. Furthermore,

when the radii are chosen in an informed manner, the effi-

ciency can be increased further. In total, the efficiency of a

NW array with f¼ 30% can thereby exceed that of a homo-

geneous film by almost 10%, rising from gHF ¼ 13:8% to

gD16 ¼ 23:75%.
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Abstract: Aperiodic Nanowire (NW) arrays have higher absorption
than equivalent periodic arrays, making them of interest for photovoltaic
applications. An inevitable property of aperiodic arrays is the clustering of
some NWs into closer proximity than in the equivalent periodic array. We
focus on the modes of such clusters and show that the reduced symmetry as-
sociated with cluster formation allows external coupling into modes which
are dark in periodic arrays, thus increasing absorption. To exploit such
modes fully, arrays must include tightly clustered NWs that are unlikely to
arise from fabrication variations but must be created intentionally.

© 2013 Optical Society of America

OCIS codes: (350.6050) Solar energy; (310.6628) Subwavelength structures, nanostructures;
(040.5350) Photovoltaic; (050.0050) Diffraction and gratings; (350.4238) Nanophotonics and
photonic crystals.
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1. Introduction

Well-designed nanostructures are known to strongly enhance the absorption of photovoltaic
devices [1–5], thereby allowing for the reduction of the active layer thickness to only a few
micrometers. This significantly reduces costs, as less material is used and the material quality
requirements are eased by shorter charge extraction distances. Nanowire (NW) arrays are a
prominent class of nanostructures that build on these advantages by incorporating radial p-n
junctions, which further reduce the charge carrier diffusion length requirements. Periodic NW
arrays have been studied theoretically [6, 7] and numerous cost-effective fabrication methods
are under development [8–13].

It is known that the absorption of NW arrays is increased when they are arranged in aperiodic
lattices, which may occur through random fabrication variations or may be designed on purpose
[14–16]. Studying such aperiodic arrays is difficult due to the large parameter space and because
of the broadband nature of the photovoltaic conversion process. The origin of the absorption
enhancement of aperiodic arrays has therefore remained unclear.

Here we avoid the difficulties of large parameter spaces by focussing on a common under-
lying property of aperiodic arrays: the localised clustering of NWs with reduced gaps between
adjacent NWs. This approach provides physical insights that apply to all aperiodic arrays; disor-
dered or designed. The importance of clustered NWs was highlighted by Lin and Povinelli [16],
who showed strong field concentrations within NW clusters at peak absorption wavelengths.

2. Absorption Enhancement

We begin our study with clusters of 4 NWs of radius a, as shown in the inset of Fig. 1. The
NWs are initially periodically spaced in a square lattice with period d/2, in a unit cell of width
d, before being gradually shifted towards the cell’s centre. As soon as the NWs are moved,
the periodicity of the structure becomes d. We measure the clustering level l, as a fraction
of the maximum distance the NWs can be moved before touching at t = (d/4− a). The gap
between the NW surfaces is therefore g= (1− l)×(d/2−2a) (see Fig. 1 inset). Throughout the
clustering process the volume fraction of the array is constant, f = πa2/(d/2)2. Our simulations
are carried out using a combination of the Finite Element Method (FEM) and the scattering
matrix method as described earlier [17]. This calculation in the Bloch mode basis is numerically
efficient and provides convenient access to physical quantities that are inaccessible in other
methods, thereby allowing for greater insights. Throughout this work the absorption spectra
are calculated for normally incidence radiation from the short wavelength edge of the solar
spectrum at 310 nm to the band-edge of silicon at 1127 nm.
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Fig. 1. Absorption spectra of NW arrays with a = 31 nm, f = 30%, with increasing clus-
tering l = 0.0,0.2,0.5,0.8,0.95. Inset shows cluster geometry where a is the NW radius, d
is the unit cell dimension, g is the gap size between NW surfaces, and t is the distance a
NW can be moved before touching its neighbour.

In Fig. 1 we show the absorption spectra for NW arrays with radius a = 31 nm in a unit cell
of d = 200 nm ( f = 30% silicon) as they are clustered with increasing l from 0.0 to 0.95. Note
that the absorption increases with increasing clustering level of the arrays, particularly across
the λ = 500−600 nm range. The parameters of Fig. 1 are chosen to best illustrate the effect of
clustering with clear spectra, rather than to achieve high photovoltaic efficiencies. Nonetheless,
the increase in total absorption is significant. At λ = 550 nm the absorptance increases from
0.16 in the unclustered array to 0.46 at l = 0.95. The numerous sharp absorption peaks in
this range indicate that resonant modes are excited in the clusters that are not present in the
equivalent unclustered array (blue curve).

We quantify the efficiency enhancement produced through the ultimate efficiency, η [18],
which weights the absorption spectrum by the solar spectrum and by the maximum fraction of
energy which can be harvested. In Fig. 2 we show the ultimate efficiency enhancement δη =
ηclustered − ηunclustered for two intersecting slices through the clustered array parameter-space
of a, f , l. Figure 2(a) shows δη for arrays with fixed radius arranged with a range of f , while
in Fig. 3(b) the radii are varied and f = 50% throughout. This volume fraction produces near-
optimal efficiencies when large radii are used, as in Fig. 2(b), and is consistent with multiple
studies [6, 16, 19]. When a = 239 and l = 0.95 in Fig. 2(b) the efficiency is η = 22.54%.

In Figs. 2(a),(b) the efficiency monotonically increases with decreasing gap size, moving
right to left, but substantial enhancements only occur once the NWs are tightly clustered, typi-
cally to a gap distance of less than 20% of the NW radius. Calculations with different volume
fractions and radii, not shown here, show that these observations are true in general; accordingly
all NW arrays benefit from increased efficiency with increased clustering, while substantial en-
hancements are only achieved for small gaps. The enhancement in the ultimate efficiency η can
be almost 5% for the parameters in Fig. 2, a relative improvement of 85%.

3. Excitation of cluster modes

To understand the increased absorption we study the modal properties of periodic and clustered
arrays. Though both support a multitude of Bloch modes, we need only consider those modes
that couple to incident plane waves. We refer to such modes as bright modes, in contrast to dark
modes, which cannot couple to external radiation at normal incidence. In our scattering matrix
method the coupling coefficient between two modes (plane waves or Bloch modes) is derived
from the overlap integral of the modes fields across the unit cell (see Eqs. (64, 65) of [17]). From
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Fig. 2. Ultimate efficiency increase δη versus the gap between NW surfaces. (a) Arrays of
different volume fractions with fixed NW radius a = 31 nm. (b) Arrays with different NW
radii but fixed volume fraction, f = 50%.

this we calculate the element of the transmission matrix for these modes as in Eq. (69) in [17],
giving the coupling coefficient. Calculating the coupling at the peak absorption wavelength of
550 nm, we find that unclustered arrays support a single bright mode, while clustered arrays
have a second such mode.

To explain the existence of the second bright mode we show Bloch mode electric field vectors
in Fig. 3(a)–(d). Here both colour and length indicate the field strength at the arrows’ origin.
For the unclustered array we show the fundamental bright mode in Fig. 3(a) and a dark mode in
Fig. 3(b). The bright mode has all strong field components directed from left to right, while the
dark mode has field components of equal strength oriented in opposite directions. The overlap
integral with a plane wave therefore vanishes for the dark mode of Fig. 3(b). In contrast it is
non-zero for the bright mode of Fig. 3(a) for horizontally polarised incoming light. Vertically
polarized plane waves couple to a vertically oriented mode degenerate with that in Fig. 3(a).

Once the NWs are clustered, the symmetry of the dark mode of Fig. 3(b) is lowered as
the fields between the cylinders strengthen, and those on the outside of the cluster weaken.
As shown in Figs. 3(c) and (d), this results in an electric field that is predominantly oriented
from left to right, allowing for coupling to an incoming field. The asymmetry strengthens with
increasing clustering, leading to stronger coupling. This is shown in Fig. 4 where the coupling
coefficient of the incident plane wave to the fundamental mode at λ = 550 nm decreases with
decreasing gap (blue) as the coupling into the second bright mode increases (green).

To be highly absorbing a Bloch mode must not only couple to the incident field but also
concentrate its energy within the absorbing material [7]. In Figs. 3(e)–(h) we show the energy
concentration Re(ε)|E|2 of modes at λ = 550 nm. At this wavelength, the bright mode of the
unclustered array in Fig. 3(e) has little energy within the silicon, resulting in the low absorption
of this structure (see Fig. 1). In contrast, the bright mode of the clustered arrays has significant
energy in the silicon, as shown in Fig. 3(f) and (g) for l = 0.5 and 0.8, respectively. When
combined with strong coupling this produces the enhanced absorption of Fig. 1. Consistent with
this, the red curve in Fig. 4 shows that the clusters’ ultimate efficiency improves as the coupling
into the second bright mode increases. Though the coupling is shown for a single wavelength,
this is a broadband effect which occurs for all wavelengths below the bright mode’s cut-off at
λ = 600 nm. The absorption of this mode, which is associated with all absorption peaks in
Fig. 1, is enhanced by its low group velocity and strong Fabry-Pérot resonances between the
top and bottom interfaces. Both of these effects are characteristics of the Key Modes (KMs) of
periodic NW arrays [7]. We therefore refer to the bright mode of the cluster as a Clustered Key
Mode (CKM). In Fig. 3(h) we show how the energy concentration of the CKM is similar to the
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Fig. 3. (a)–(d) Electric field vector of Bloch modes where colour and length indicate the
field strength at the arrows’ origin. (a) Fundamental mode of the unclustered array; (b)
CKM of unclustered array; (c) CKM with l = 0.5; (d) CKM with l = 0.8. (e)–(h) Bloch
mode energy Re(ε)|E|2 where red and blue indicates high and low energy density, respec-
tively. (e) Fundamental mode of the unclustered array; (f) CKM with l = 0.5; (g) CKM
with l = 0.8; (h) KM of an array with twice the radius, i.e., a = 62 nm. For all figures
λ = 550 nm, d = 200 nm and in (a)–(g) a = 31 nm.
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KM of a periodic array with doubled radius NWs (a = 62 nm).

4. Discussion and conclusion

We have concentrated on one consequence of aperiodicity, namely that, compared to periodic
arrays of the same density, it inevitably leads to the clustering of NWs. The associated symme-
try lowering leads to the coupling of plane waves into a previous inaccessible mode, thereby
significantly increasing the array’s absorption. When the clustering is quite pronounced these
Clustered Key Modes are similar to the strongly absorbing Key Modes that exist in periodic ar-
rays of large radius NWs. Though we concentrated on the clustering of 4 NWs, we also studied
clusters of 2, 3, and 5 NWs and came to similar conclusions. This suggests that our results are
general and not specific to the geometry studied here.

The absorption enhancement mechanism identified here differs from that in structures con-
sisting of NWs of different radii. There, the diversity of the radii produces a wide spectrum of
modal absorption resonances across the solar spectrum, hence increasing the absorption effi-
ciency [19]. Here, in contrast, the lowering of the translational symmetry through the clustered
NW arrangement produces bright modes which are inaccessible in unclustered arrays.

Our results in Fig. 2, and others not shown here, show that, compared to the unclustered
periodic case with period d/2, clustering always increases absorption. The degree to which it
does so depends not only on the cluster parameters but also on the array’s global properties such
as the value of d. It is therefore difficult to draw specific quantitative conclusions. However, we
have observed that the clustering only significantly enhances the absorption when the NW are
brought close, typically such that the gap between their surfaces is approximately 20% of the
NW radius. This is consistent with Fig. 4(b) of Lin and Povinelli [16]. As a consequence of
this, the random variations in NW positioning that arise naturally during fabrication of periodic
arrays are unlikely to be sufficient to exploit the efficiency enhancement potential of aperiodic
arrays. Rather, the potential of aperiodic arrays may only be harnessed by purpose fabrication
of aperiodic arrays with closely clustered NWs.
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Figure 5.1: Ultimate efficiency for a h = 2.33 µm thick silicon NH array containing two
sublattices with differing radius, where in all arrays the air inclusions make up finc = 30% of
the structure. The arrays are equivalent to Fig. 1 in Paper 5.1, but with the air background
replaced by silicon and vice versa for the inclusions.

5.3 Comparison with Disordered Nanohole Arrays
We now present some unpublished results from our study of disorder in NH arrays, in
particular the effect of multiple diameter inclusions. Figure 5.1 is the direct counterpart to
Fig. 1 in Paper 5.1 for NH arrays; the diameters of the inclusions is varied in such a way that
the arrays have an inclusion volume fraction of finc = 0.3 air in a silicon background. The
contrast between the figures is striking: for NW arrays the optima occur off the diagonal
(where the array includes NWs with differing diameters), while for NH arrays the optimum
lies on the diagonal (where all inclusions are identical).

Arrays with common period lie on circular arcs in Fig. 5.1, which are closely followed
by the contour lines of equal efficiency η, particularly when the period is small (the bottom
left of the figure). This indicates that the period of the NH arrays is their most important
parameter, which is because the period dictates the reciprocal lattice vector of the arrays,
G, which in turn determines what guided mode propagation constants can be excited by
the incident plane wave. The peak in Fig. 5.1 occurs when the period of the NH arrays
is such that the incident light is phase matched to the guided mode. There is exactly one
peak in Fig. 5.1 because all the arrays have the same thickness and approximately the same
neff (since f is constant) and therefore support the same guided modes resonances. The
maximum efficiency occurs on the diagonal in Fig. 5.1 because the addition of different
diameter inclusions increases the spectral range over which the arrays support channelling
modes, which increase transmission losses. In the NW case the number of inclusion-bound
modes was also increased when multiple diameters were included, but in that case these
modes contributed strongly to the absorption.

We note that a very similar study to Paper 5.2 for NH arrays was recently published by
Wu et al. [189]. We believe that the absorption enhancement observed in their study is due
to the increased period of the arrays when the inclusions are brought into close proximity,
which, as shown in Fig. 5.1 is the key driver of improved absorption.
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Epilogue
The papers presented in this chapter complete our investigations into the optical properties
of NW and NH arrays. We demonstrated how physical insights revealed the optimal radius,
period and volume fraction of NW arrays for maximising their integrated solar absorption,
and how a similar approach restricted the range of optimal NH geometries. We also showed
how including multiple radii into the array increased the bandwidth of enhanced absorption
because the resonant wavelength of the NW is directly linked to its radius. Lastly we saw
how bunching NWs together, as necessarily occurs in aperiodic arrays, can improve the
absorption of NW arrays in the cases where the NWs are sub-optimally thin.
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Chapter 6

Fano Resonances of Dielectric
Gratings

Turn your face to the sun
and the shadows fall behind you.

Maori Proverb

To this point, we have focussed on investigating nanostructures that can enhance the
absorption of thin films across the solar spectrum, in particular studying nanowire and
nanohole arrays. In the remainder of the thesis we shift out attention to nanophotonic
structures that have a broad range of applications, of which solar cells are but one.

This chapter is motivated by the spectrum-splitting multi-junction cells, discussed in
Sect. 2.4.2, where nanophotonic structures direct discrete slices of the solar spectrum to dif-
ferent (single junction) SCs. The challenge is to have these filters separate the wavelengths
with high contrast (with little light being directed to the non-targeted subcells), and for
the filters to introduce as little parasitic absorption as possible. Although we focus here on
the solar applications of wavelength selective filters, these structures have a wide variety of
applications, as outlined in Paper 6.2. Our analysis concern the symmetries of Fano reso-
nances in thin, periodic dielectric media, which are fundamental to many optical structures.
(We do not here enter into describing the taxonomy of grating anomalies and resonances,
for which there is an excellent recent review by Maystre [190]).

6.1 Solar Applications of Wavelength Selective Filters
Before presenting our study of the Fano resonances of dielectric diffraction gratings, and
describing how these can be tuned to create wavelength selective filters, we review the recent
developments that are driving interest in mechanically decoupled multi-junction cells. In
particular, we review two types of SCs: silicon-based tandems; and ultra-high efficiency
spectrum-splitting multi-junctions.

6.1.1 Silicon-based Tandems
As discussed in Sect. 2, silicon SCs dominate the PV market with very well established
industrial processes and supply chains, which makes it difficult for emerging technologies to
compete. There has recently emerged an alternative strategy: to literally “build upon” cheap
and moderate-efficiency Si SCs by adding a higher bandgap SC, thereby forming a low-cost
high-efficiency (η > 30%) tandem solar cell [105, 191–197]. That silicon is well suited to
the creation of tandem SCs has been well known for over 30 years; Vos et al. calculated
the theoretical efficiency limit of Si-based tandem SCs to be 42% [198], close to the 45%
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Figure 6.1: Contour plot of the efficiency of a tandem SC with an η = 24.4% Si SC bottom
cell, as a function of the bandgap energy and efficiency of the other cell [105]. The black
dots indicate the maximum achieved efficiencies of SCs made of various materials, where we
have added the most recent record efficiency for a perovskite SC in red.

limit when arbitrary bandgaps are included. Such high efficiencies have however not been
achievable with existing SC technologies.

In 2014 White et al. developed a sophisticated model of Si-based tandems that included
the optical absorption, electronic bandgap, carrier transport properties and luminescence
efficiency of the high-bandgap material [105]. They considered the four-terminal configura-
tion where the current is extracted from each SC independently, and based the properties
of the Si SC on a η = 24.4% PERL cell [199]. Figure 6.1 shows the efficiency they calcu-
lated for Si-based tandem SCs as a function of the bandgap energy and efficiency of the
non-silicon cell [105]. The blue, dashed green, and red curves indicate the bandgap and
efficiency combinations required for the tandem SC to have an efficiency of 25%, 27.5% and
30% respectively. The black dots mark the current record efficiencies of potential material
classes, all of which fail to produce tandems with η > 25%, i.e., they are less efficient than
current Si cells.

This situation changed drastically recently, with the rapid emergence of mixed organic-
inorganic halide perovskite (PK) SCs. The current confirmed efficiency record for a PK SC
is 20.1%, which was achieved by the group of Seok [200]. This result, when added to Fig. 6.1
(red dot) indicates that PK-Si tandem SCs could theoretically achieve efficiencies close to
30%. Furthermore, PK SCs are still undergoing rapid advancements, suggesting that their
efficiency will likely continue to improve in coming years, taking the efficiency of the PK-Si
tandem SCs with them. In the following sections we focus on perovskites SCs and their
applicability to Si-based tandems.

Perovskite Solar Cells

Some of the appealing properties of perovskites have been known for over 20 years, namely:
strong absorption, a direct-bandgap of 1.55 eV (λ = 800 nm), and carrier diffusion lengths of
100 – 1000 nm. It has however only been in last five years that “the extraordinary potential
of hybrid perovskites in photovoltaic applications” has been realised [201], after efficiencies
of 3.8% [202] and 6.5% [203] were reported in 2009 and 2011 respectively, by researchers
working with liquid-electrolyte-based dye-sensitized SCs.

Since then, the focus has shifted to solid-state PK SCs, where the rise in efficiency has
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been “meteoric” [201], proceeding at an “unprecedentedly rapid” rate [66]; in November 2014
(only 7 months after achieving η = 18%), “perovskites joined the selected cohort of materials
demonstrating a certified η > 20%” [204]. The observation that the highest performing
devices have been achieved, using a broad range of different fabrication approaches and
device concepts,suggests that their performance is still far from fully optimized [66].

The two most fundamental challenges for PK SCs are: the use of toxic elements, in
particular, lead, which raises issues during device fabrication, deployment and disposal; and
cell stability, since current cells generally undergo rapid degradation on exposure to moisture
and ultraviolet radiation [204]. Solving these problems is the focus of intense research, which
aims to find modified compounds that do not contain lead [205] and which are more stable
[206]. The concerns about the hysteresis that occurs between forward-bias and backward-
bias measurements of the IV curves of perovskite SCs seems to have been resolved, being
explained by ion migration [207]. For recent reviews of this rapidly evolving field see [66,
201, 204, 208, 209].

Perovskite on Silicon Tandems

Perovskites are very well suited to the creation of high-efficiency Si-based tandems: their
bandgap energy is in the appropriate range as shown in Fig. 6.1; they are more absorb-
ing than III-V semiconductors with equivalent bandgaps, and have no sub-bandgap para-
sitic absorption [191]; and their external radiative efficiency (the fraction of recombinations
whose photons are emitted from the SC) is well matched to Si: 0.02 - 0.1 and ∼ 0.06 re-
spectively [210]. Their low non-radiative recombination rates, compared to other thin-film
poly-crystalline semiconductors, give rise to experimental Voc values close to their effective
bandgap potential, which provides a substantial efficiency advantage. Furthermore, PK SCs
can be fabricated using low-temperature approaches, which enhance the prospects of PK as
components of economical tandem SCs.

Perovskite on silicon tandem SCs are being developed using monolithically integrated
(two-terminal) and mechanically decoupled (four-terminal) configurations. The decoupled
configurations (either four-terminal stacked cells or physically separated spectrum splitting
configuration) avoid many of the optical and electronic challenges involved in integrating
cells [204].

Theoretical studies have shown that monolithic devices benefit from the inclusion of an
intermediate reflector located between the subcells, thereby increasing the current from the
top cell [192, 193]. When including idealised light trapping and a wavelength-dependent
reflector Löper et al. calculated idealised efficiencies of 35.67% for a two-terminal mono-
lithically integrated PK-Si SC, and 37.17% for a four-terminal mechanically stacked cell
[193].

A major challenge for vertically stacked multi-junctions is the creation of semi-transparent
conducting contacts for the back of the top cell, which the McGhee group is addressing with
the use of networks of silver nanowire electrodes [194]. Experimentally, the group of McGhee
have reported efficiencies of 13.7% for two-terminal PK-Si SCs [211] (as well as η = 18.7%
for a mechanically stacked four-terminal tandem SC made of a PK and CIGS [194]).

In contrast, Uzu et al. have achieved efficiencies of 28% with the spectrum-splitting
configuration, using a PK SC and a Si heterojunction SC, with efficiencies of η = 15.3%
and η = 25.2% respectively [195]. Although many different kinds of spectrum splitting
techniques have been developed [212], the standard device today is a Bragg stack [195, 213].
These are expensive because they are fabricated by sputter deposition to achieve nanometer
precision on the thickness of the layers. The dielectric gratings studied in this chapter are
potentially a cheaper spectrum splitting device.

The concerted effort to develop Si-based tandems has only been under way for a few years,
but already has revealed some promising directions, particularly the development of PK-Si
tandems which potentially could be produced economically with efficiencies of over 30%.
Continued research is required to realise this potential, with immediate aims being focussed
on improving the efficiency and stability of PK SCs and on developing either transparent
back contacts or low-loss spectrum splitting geometries.
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Figure 6.2: Polyhedral specular reflector designs for creating spectrum-splitting multi-junction
solar cells with η > 50%. (a) The spectrum is split through the absorption of high energy
photons in consecutive SCs, which have progressively lower bandgap energies. (b) Uses short-
pass filters to isolate the wavelengths that reach each subcell and incorporates a moderate
amount of optical concentration. Adopted from [215, 216] respectively.

6.1.2 Ultra-high Efficiency Spectrum-splitting Multi-junctions
The second opportunity enabled by the spectrum-splitting approach is the creation of multi-
junction SCs with ultra-high efficiencies of η > 50% [43], i.e. greater than the current world
record by 4% or more. Reaching such efficiencies with conventional monolithic multi-junction
devices is extremely difficult since it requires the integration of four or more subcells, where
layers must be lattice matched, and the current from the entire device is limited by the lowest
current from the subcells. Mechanically decoupled multi-junctions remove these constraints
and enable the incorporation of many more subcells without constraints on the material
properties or current matching. Foundational work on these SCs is presented in [214].

The major advances towards the realisation of 50% efficient SCs using the spectrum
splitting approach have been made by the Atwater group [43, 215–217]. This group has
investigated the use of holograms to direct the appropriate solar wavelength to the optimal
subcell (as in Fig. 2.18) [43, 217], and more recently they have proposed “polyhedral specular
reflector” designs where light is filtered progressively as shown in Fig. 6.2. In Fig. 6.2(a) the
filtering occurs through the absorption of high energy photons in consecutive SCs, which
have progressively lower bandgap energies [215, 218]. The design of Fig. 6.2(b) uses a similar
geometry, but uses shortpass filters to isolate the wavelengths that reach each subcell [216].
In order to increase the efficiency to over 50% their latest design (Fig. 6.2(b)) includes
concentration of roughly 25-suns. The Atwater group has also investigated using InAlAs,
InGaAsP, and InGaAs SCs, which are lattice matched and which together have a theoretical
efficiency of η = 51% under 100-suns concentration [219]. With the efficiency record for SCs
currently at 46%, the creation of a SC with η > 50% remains a major challenge for the solar
research community.

Prelude to Paper 6.2
We now present our study of high-contrast dielectric diffraction gratings that are known to
feature broadband regions of near unity reflectance, where we show that these features arise
because of the symmetries of the grating’s Fano resonances:

B. C. P. Sturmberg, K. B. Dossou, L. C. Botten, R. C. McPhedran and C. M. de Sterke.
“Fano resonances of dielectric gratings: symmetries and broadband filtering”. Opt. Express
23, A1672 (2015)
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Associated with Paper 6.2 are a series of animations that show the evolution of the
complex transmission coefficient t through the complex plane as a function of wavelength,
which are available online: Visualization 1, Visualization 2. In Fig. 6.3 we present a few
frames from Visualization 1 which corresponds to Fig. 4 in Paper 6.2.
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Abstract: The guided mode resonances (GMRs) of diffraction gratings
surrounded by low index materials can be designed to produce broadband
regions of near perfect reflection and near perfect transmission. These
have many applications, including in optical isolators, in hybrid lasers
cavities and in photovoltaics. The excitation of rapid GMRs occurs in a
background of slowly varying Fabry-Perot oscillation, which produces Fano
resonances. We demonstrate the critical role of the polarity of adjacent Fano
resonances in the formation of the broadband features. We design gratings
for photovoltaic applications that operate at wavelengths where material
absorption must be considered and where light is incident at non-normal
angles.
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1. Introduction

Diffraction gratings are fundamental structures in optics, however their study has historically
been focused on surface gratings [1], where the grooves of the grating do not extend all the way
through the layer or the grating is placed on top of another high index material. Here we study
high-contrast gratings (HCGs) [2], where the grating is surrounded by lower refractive index
materials, such as air, and the inclusions penetrate the whole layer (see Fig. 1).

The resonances of HCGs lead to rapid transitions in transmission/reflection from near-zero
to near-unity, which can be used to make narrow and ultra-wide bandwidth filters [3–6]. HCGs
have been applied as anti-reflection coatings [7], as optical isolators [8], and as cavities in hybrid
lasers [2, 9]. It has also been shown that dispersion engineering the angular response of HCGs
opens further possibility, including enhancing the Purcell effect, creating polariton-based lasers
and quantum circuits, and exotic quantum phases in polaritons [10].

The resonances of gratings have been explained using three different conceptual frameworks:
the excitation of leaky guided mode resonances (GMRs) [11], which are the waveguide modes
of the homogenised slab that couple to the incident propagating waves [12]; the Fabry-Perot
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Fig. 1. Schematic of a grating of period d and thickness h, consisting of high and low
index rulings: nH, nL. Also shown are the incident wave vector k0 at an angle of θ , its
x-component and the propagation constant β of a slab waveguide mode. The field of the
slab waveguide mode is illustrated in red.

(F-P) resonances of the grating’s eigenmodes, which are quasi-periodic in the±x-direction and
propagate in the ±z-direction, and may be considered as either Bloch modes (BMs) [6] or ap-
proximated as the waveguide modes of the high index rulings [2]; and by studying the zeros and
poles of the transmission and reflection functions [1]. The GMR analysis is consistent with the
results of Magnusson showing that broadband near-unity reflections can be achieved using grat-
ings placed upon anti-reflection layers that totally remove the bottom high contrast interfaces
that are central to the vertical F-P resonance formulation [13]. Our analysis includes aspects of
all three approaches, which clarifies the relationship between these currently disparate litera-
tures [2, 13, 14].

Previous theoretical studies have focussed on predicting the locations of the resonances. An
important issue that has remained unresolved is the relationship between isolated resonances
and the occurrence of broadband regions of near perfect transmission or reflection. In this paper
we answer this question by understanding the specular anomalies as Fano resonances [15],
where the sharp resonant excitation of a leaky GRM (or equivalently a set of BMs) occurs in the
presence of a slowly varying F-P resonance of the homogenized layer. We make the important
step of showing that consecutive Fano resonances have opposite polarity, which allows them to
form broadband regions of uniformly high reflection when the resonances broaden.

In the Sect. 5 we consider HCGs as wavelength selective filters operating at visible wave-
lengths, such as those being considered for photovoltaic applications [16], as well as those
mentioned above [2, 7–9]. In the solar application their role is to direct different wavelength
bands of the solar spectrum to solar cells that have different bandgap energies, and therefore
convert their allocated wavelengths more efficiently than if the whole spectrum were incident
upon any one cell [17]. This type of design has attracted much interest recently [18, 19] as it
could lead to relatively cheap tandem cells with efficiencies greater than 30% [20], as well as
ultra-efficient modules with efficiencies exceeding 50% [16]. The reduced cost of the tandem
structures is achieved by using cheap silicon cells as the low bandgap subcell and a low-cost
emergent material, such as a Perovskite [21, 22], in the other subcell.

These solar energy applications differ from those studied to date in two ways, they require:
the grating to have minimal absorption; and to operate at angles of incidence far off-normal,
often at θ = 45o where the reflected light exits at θ = 90o to the incident and transmitted light. In
the wavelength range of primary interest for photovoltaic applications, 310 nm < λ < 1 µm,
high refractive index materials are all, to some degree, lossy. In previous studies the materials
were assumed to be lossless, which is valid at the wavelengths targeted, 1 µm < λ < 3 µm.

Our study was carried out using the freely available EMUstack package [23–25]. This is
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Fig. 2. (a) Reflection, (b) transmission, and (c) absorption spectra as a function of grating
thickness. In (d) we magnify a section of (c) and overlay the results of the model described
in the text: the dashed and solid white curves are the F-P resonances of the 0 and±1 orders
respectively; the green curves are like the solid white curves but uses heff; the cyan dots ap-
proximate the waveguide modes; the blue curve marks the trough in resonance amplitude;
and the yellow dot-dashed line is the cut-off of the ±1 orders in nH.

ideally suited to such a study because it provides access to the Bloch modes of the grating, and
allows variations in thickness to be calculated with negligible computational cost.

The paper is organized as follows: Sect. 2 reviews the physics that governs where the res-
onances occur; in Sect. 3 we examine their spectral characteristics, focussing on the factors
influencing their Fano line-shape; and in Sects. 4 and 5 we design HCGs as wavelength selec-
tive reflectors for applications where the effects of material absorption and angle of incidence
are critical.

2. The modes of dielectric gratings

As our initial example we study a weak diffraction grating, where only 5% of the layer is the low
index material ( fL = 0.05, fH = 0.95). The grating period is chosen to be d = 400 nm so that,
at the wavelengths considered, only the specular order propagates in the surrounding air. The
materials are chosen to be dispersionless, with complex refractive indices nH = 3.5 + 0.005i,
which is similar to silicon, and nL = 1.0. We include loss not only because it is important for
practical applications, but also because the resonances of light are clearly visible as peaks in the
absorption spectra. Throughout this paper we consider light that has Transverse Electric (TE)
polarization (E-field along x-axis), and we begin by considering the case of normal incidence.

Figure 2 shows the reflection, transmission and absorption spectra of the example grating
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Fig. 3. Ey(x) field distributions of (a) BM-A and (b) BM-B of the example grating for
λd = 9/8. The edges of the inclusions are indicated in pink and the x-axis is normalised
to the period. (c) and (d) show the Fourier decompositions of the fields of (a) and (b)
respectively.

as a function of the grating thickness h. The reflection and transmission spectra are dominated
by Fabry-Perot fringes that run diagonally through Figs. 2(a) and 2(b) respectively. The F-P
resonances are also visible in the absorption spectra of Figs. 2(c) and 2(d), where absorption
peaks occur on-resonance. There is also a second class of curves, where anomalies cause the
spectra to vary rapidly. A striking feature of these curves, which are most obvious as peaks in
the absorption spectra, is that their amplitudes vary strongly along the curves. These are the
resonances that form the broadband reflection regions in stronger gratings, with their properties
and underlying physics being examined in detail.

We initially choose to study a weak grating because it simplifies the analysis, allowing us to
approximate the BMs of the grating by plane wave diffraction orders (PWs). This is demon-
strated in Fig. 3, where we show the Ey field distributions of the two dominant lowest order
BMs modes, which we label BM-A, BM-B, and their Fourier decompositions into PWs. Fig-
ure 3(c) shows that BM-A is closely related to the specular diffraction order, while Fig. 3(d)
shows that BM-B is associated with the ±1 orders. Approximating the BMs by PWs allows us
to proceed analytically, approximating the propagation constants of the BMs by the propagation
constants of their respective PW diffraction orders, within a homogenized grating layer.

Figure 2(d) shows a magnified section of Fig. 2(c), where we overlay a number of analytic
and semi-analytically calculated curves that capture all of the observed features. We now
explain how these were derived.

The dashed white lines show where the specular PW order, m = 0, satisfies the F-P resonance
condition, 2kz,mh = 2π p, with 1 < p < 6. The vertical propagation constant within the homog-
enized grating is

kz,0 = keffcos(θg) = neff
2π
λ

cos(θg), (1)

where θg is the angle of propagation within the grating, and the effective refractive index of the
grating is calculated using the linear mixing formula of the permittivity for TE polarization,
neff =

√
fHεH +(1− fH)εL. Though we do not present results for TM polarization, the

applicable effective index for this case is neff = 1/
√

fH/εH +(1− fH)/εL.

The cyan dots correspond to the waveguide (WG) modes of the homogenized slab. They are
calculated by solving the dispersion relations for the WG modes [12] for the transverse k-vector
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values of the grating,

βWG = kx,m = keffsin(θg)+mG = keffsin(θg)+
2πm

d
, (2)

where G is the reciprocal lattice vector. In the wavelength range shown, all dots correspond to
coupling via the m = ±1 reciprocal lattice vector, which are degenerate at normal incidence.
Each curve corresponds to a different order waveguide mode. The curves are a good fit to the
observed resonances, with discrepancies only arising due to the approximation of an effective
index, which is corroborated by observation that the fits improve as fL→ 0.

The solid white and green curves approximate the waveguide modes as F-P resonances of the
±1 PW orders, whose vertical propagation constants are

kz,±1 =
√

keff
2−k2

x,±1. (3)

The quantitative accuracy of the green curves is improved by the inclusion of the phase shift
acquired by the higher diffraction orders when they reflect off the top and bottom interfaces
of the grating at oblique angles. This effect is similar to the Goos-Hänchen shift [12], and
analogously we incorporate it into our model by introducing an effective thickness

heff,m = h+
2i
γm

, (4)

where

γm =

√
kair

2− (kairsin(θ)+mG)2, (5)

where m =±1 for the ±1 PWs, is purely imaginary.

The yellow vertical line marks the cut-off wavelength of the ±1 PW orders, above which these
orders (and the corresponding BMs) are evanescent.

The blue curve indicates where the amplitude of the anomalies is at a minimum. This variation
in the resonance amplitudes is due to the beating between the grating modes as they propagate
with different kz, acquiring different phases. At the bottom of the grating, the electric field
outside of the grating must match the superposition of the grating. If, at the bottom interface,
the superposition of the grating modes has a waveform that matches that of a propagating PW
order, then light is efficiently transmitted [26]. If, on the other hand, the superposition has little
overlap with the waveform of any propagating order, then there is little transmittance and the
strength of the resonance is enhanced. Since the superposition of the grating modes is equal
to the incident PW at the top interface, we know that maximum transmission occurs when the
phase difference of the grating modes is a multiple of 2π [26], i.e.,

∆kz =
2πl
h

, (6)

where l is an integer. These points are marked by the blue curve of Fig. 2(d), where we approx-
imate the kz of each BM by their respective PW order.

The analytic calculations presented in Fig. 2 demonstrate how the complicated spectral re-
sponse of HCGs can be understood in simple terms, and illustrate the relationships between the
slab waveguide modes, the F-P resonances of the BMs of the grating, and the F-P resonances
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Fig. 4. Transmission spectrum for the weak grating with h = 520 nm. The red curve in-
cludes loss (and is marked by the horizontal white dashed in line in Fig. 2(b)), while the
black curve is calculated for the same grating but ignoring loss. Individual resonances are
labelled.

of non-specular diffraction orders within the homogenized layer. The PW approximation to the
BMs breaks down as fL is increased, while the formalism that considers the grating as an ar-
ray of waveguides becomes more accurate as the high index inclusions become increasingly
separated [14].

We have so far focused on predicting the location of the resonances of grating. In the next
section we examine the line shape of the resonances, which governs the creation of broadband
regions of near total reflection or transmission. The analysis builds on our observations that
the BMs can be accurately approximated by PW orders and that the waveguide modes can be
approximated by F-P resonances of higher diffraction order PWs.

3. Analysis of Fano resonances

In Fig. 4 we show the transmission spectra of our initial grating when loss is (red), and is not
(black), included. The thickness of the gratings is h = 520 nm, as indicated by the horizontal
white dashed line in Fig. 2(b). We see that the superposition of phases from the F-P resonances
and the waveguide modes produces resonances with a characteristic Fano line shape. The inclu-
sion of loss dampens the resonances, with the absorption being highly localized to the resonant
wavelengths.

We note that the polarity of the Fano resonance’s line shape changes sign for consecutive
resonances; i.e., for the resonance labelled (iv) λ (t = 0) < λ (t = 1), whereas the resonance
labelled (v) has the opposite symmetry with λ (t = 0) > λ (t = 1). Furthermore, we see that
consecutive Fano resonances that occur on opposite sides of a F-P resonance (iii), such as those
labelled (ii) and (iv), have the same polarity.

To clarify this effect, it is instructive to study spectra where the contribution of the F-P
resonance to the complex transmission coefficient t is held constant. We do this by adjusting
the thickness of the grating as a function of the wavelength,

h =
p

2neff
λ . (7)

Figure 5(a) shows the transmission along the diagonal white dotted line of Fig. 2(b), where
p = 4.1. We chose this value of p because the resultant line lies between the resonance and anti-
resonance conditions of the F-P oscillation intersects many GMRs. Keeping the F-P component
of the transmission fixed highlights the opposite symmetry of the consecutive GMRs.
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Fig. 5. (a) Transmission spectrum where the thickness of the grating is adjusted as a func-
tion of λ such that Eq. 7 is satisfied, indicated by the diagonal dotted line in Fig. 2(b). (b)
Transmission along the same diagonal line, where the t corresponding to the F-P resonance
has been subtracted, leaving the transmission due to the GMRs.

The opposite symmetry of consecutive Fano resonance is critical for the formation of the
broadband reflection and transmission regions, as it enables the resonance spectra of two Fano
resonances to merge without passing through a zero. Furthermore, since there are no resonances
in these regions, the absorption is low.

In Sect. 2 we showed how the GMRs are related to F-P resonances of higher order plane
waves in an homogenized medium. This allows us to make an analogy between the GMRs
and a classic Fabry-Perot cavity. Figure 5(b) is for the same parameters as Fig. 5(a), where we
now show the transmission that is due solely to the GMR. This is found by calculating t for
the equivalent homogenized film and subtracting this from the t of the grating. We see that,
precisely as in the case of a high finesse F-P cavity, the transmission is zero, except for on
resonance where it goes briefly to unity. The finesse of the resonance is set by the coupling
coefficient of the ±1 PW orders of the grating to the specular PW outside, directly analogously
to the reflectivity of the mirrors of a F-P cavity.

In the following subsections we analytically analyse the F-P resonances, showing how the
alternating polarity of consecutive orders is related to the poles of the transmission function, and
then extend this analysis to the GMRs through numerical calculations. It is the superposition of
these two effects that explains the features observed in Figs. 4, and 5.

3.1. Functional analysis of Fabry-Perot resonances

The complex transmission (t) and reflection (r) coefficients associated with light incident upon
a homogeneous film are well known analytical functions [27] that can be derived using the
transfer matrix method. For instance,

r =

[
ν−ν−1

]
sin(kh)

−2icos(kh)+
[
ν +ν−1

]
sin(kh)

, (8)

at normal incidence, where ν = nTF
nout

is the ratio of the refractive indices of the layer (nTF)
and the index of the surrounding media (nout). The zeros of r occur at real frequencies, when
kz,mh = π p, which reproduces the F-P result. r and t have common poles, which in contrast lie
in the lower half of the complex frequency plane, as required by causality.

For a homogeneous film we find that the poles occur at

ωp = ωr,p + iωi,p =
c

nTF

[ pπ
h
− i

ln(ρ−1)

h

]
, (9)
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where ρ = (noutnout−nTF)/(nout +nTF) is the Fresnel reflection coefficient for light within the
layer incident upon the interface with the surrounds. The position of a pole directly relates to
the Q-factor of the resonance,

Qp =
ωr,p

2ωi,p
. (10)

For real frequencies close to ωr,p the response is dominated by pole p, and is of the form

t(ωr)≈
Resωp t(ω)

ωr−ωp
, (11)

where Resωpt(ω) is the residue of pole p [28]. The general result is that t(ωr) traces out a circle
in the complex plane as ωr passes through ωr,p. As a function of increasing ωr the circle is
followed in an anti-clockwise manner. The circle passes through the origin, and is centred at

[Re(t), Im(t)] =
i

2ωi,p
|Resωpt(ω)|[sin(ϕ),−cos(ϕ)], (12)

where ϕ = arg[Resωpt(ω)]. For a homogeneous film we find that

Resωpt(ω) = i(−1)p 2noutnTF

(nout−nTF)2 . (13)

This shows that t(ωr) traces out circles that are centred on the real axis, with consecutive F-P
resonances (p) lying on opposite sides of the imaginary axis. The blue curves in Fig. 6 illus-
trate schematically how t(ωr) evolves in a frequency range that covers two consecutive F-P
resonances, where the Q-factor of the resonance is sufficiently small that the effect of the two
poles merge, forming a peanut shape. The arrows indicate how the curves are traced out for
increasing wavelengths.

3.2. Functional analysis of guided mode resonances

In order to study the poles of the GMRs we construct a model structure that contains the same
essential physics of the HCGs: where light is coupled to the leaky waveguide modes by a
grating, but in which the GMRs are described exactly by PWs. The model structure consists of
infinitesimally thin gratings placed at the top and bottom of a uniform thin film, which we refer
to as the surface grating structure. The refractive indices of the grating must be very large to
ensure that the grating scatters significant energy into higher diffraction orders. For simplicity
we take all materials to be lossless in this model. We use a grating of thickness hg = 1 nm and
composed of equal parts nH = 20, nL = 1 and with d = 400 nm. The uniform film is chosen
to be hTF = 600 nm thick with nTF = 2, such that the ±1 PW orders propagate within the
uniform film for λ < 800 nm.

The major advantage of the surface grating model is that the analytic expressions for the PWs
within the uniform layer can be generalized to complex frequencies, allowing us to locate the
poles of t, r and the associated residues. Here t and r are the elements of the scattering matrices
corresponding to the single propagating order (i.e. the specular order). To do this we calculate
the scattering matrices that describe the surface grating for a fixed real frequency (3.77 PHz)
and then use these values for all other frequencies. The transmission spectrum of this surface
grating structure, presented in Fig. 7(a) as a function of real frequencies, exhibits precisely the
same types of features as the gratings in Fig. 4.

Figure 7(b) shows a contour plot of the transmission for complex frequencies, where two
classes of poles can be seen. One class has small ωi,p and large Q-factors (from Eq. 10), and
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(a)

(c) (d)

(b)

Fig. 6. Schematic of the trajectories of t(ωr) through the complex-plane, where blue curves
represent the change in t due to the F-P resonance and red curves due to GMRs. The insets
illustrate the line-shapes of the transmission associated with each trajectory (in (d) follow-
ing just the red curve). (a), (b) Illustrate how GMRs whose residues lie on opposite sides of
the real axis produce lines-shapes of opposite symmetry, despite the loops having the same
starting point. (c) Shows the trajectory of two consecutive F-P resonances, whose low Q-
factors makes them merge without going through the origin. (d) Features the same GMR
as in (b), but occurring on the other side of a F-P resonance, which is seen to produce the
opposite symmetry Fano resonance.

correspond to the GMRs. The other class correspond to F-P resonances and lie further away
from the real axis with smaller Q-factors. The respectively high-Q and low-Q nature of these
resonances is visible in the spectra of Fig. 7(a).

The residue of each pole is calculated using numerical contour integration. The results for the
F-P resonances agree well with the analytic expressions; the residues are purely imaginary, and
have opposite sign for consecutive resonances (i.e. their phase of the residues differs by π). This
produce t(ωr) trajectories centred around points on the real axis with consecutive resonances
lying on opposite sides of the imaginary axis. For the GMRs we find that the phase of the
residues also differs for consecutive resonances, such that t(ωr) follows circles in the complex
plane that lie on opposite sides of the imaginary axis. Physically, this difference is related to
odd or even order resonances having an odd or even number of half wavelengths within the
grating layer, which dictates the phase of the transmitted light.

We illustrate the trajectories of t(ωr) in the vicinity of a GMR by the red curves of Fig. 6.
The trajectories of the GMRs shown in Figs. 6(a) and 6(b) begin from the same point, but the
residues of the resonances lie on opposite sides of the real axis. Following the trajectories we
see that in Fig. 6(a) the transmission goes through zero before going through its maximum
value, while the opposite is true for Fig. 6(b). This is shown schematically in the inset. The
effect of combining the GMRs with the F-P resonance is shown in Fig. 6(d), which features the
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Fig. 7. Transmittance of the surface grating structure. In (a) the transmission is a function
of real angular frequencies, while in (b) the transmission is calculated across a range of
complex frequencies.

same GMR as in Fig. 6(b), however the GMR now occurs on the other side of a F-P resonance,
which produces a Fano line-shape of opposite symmetry.

In our weak gratings, the GMRs occur over frequency bandwidth of approximately 0.03 PHz
and each F-P resonances spans approximately 0.8 PHz, which is consistent with the difference
in ωi,p for the two classes of poles. The large difference in the frequency ranges of the reso-
nances means that the combined effect of the blue and red curves is as follows: t(ωr) follows
the blue curve until ωr approaches ωr,q for a WG resonance q; now t(ωr) completes a loop
around a red curve, which is completed in such a small frequency interval that the phase of
the F-P resonance has changed very little (causing little movement along the blue curve) and
the red curve almost closes on itself; once the frequency range of the GMR is passed, t(ωr)
resumes following the blue curve. The supplementary materials contain animations that shows
the numerically calculated progression of t(ωr) corresponding to Fig. 4 (Visualization 1), and
Fig. 5 (Visualization 2). Similar trajectories of have been measured experimentally at infrared
frequencies by Botten et. al [29].

3.3. Stronger diffraction gratings

Our analysis has been focused on weak gratings, where the modes of a grating are well approx-
imated by plane wave orders. Our general findings however hold for all gratings, because the
existence and parity of the poles is topologically preserved. As the diffraction strength of the
grating is increased, by increasing the refractive index contrast and/or increasing fL, light is
coupled more efficiently into, and out of, the waveguide modes. This reduces the Q-factor of
the GMR and broadens the spectral response of the Fano resonances.

The broadening is shown in Fig. 8(a) where fL = 0.05 (corresponding to the marked line
in Fig. 2(a)), and in Fig. 8(b) where fL = 0.35, which is marked in Fig. 8(d). We note that
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h = 210 nm). (b) Reflection spectrum of a grating with fL = 0.35 and h = 150 nm
(indicated by dot-dashed line in (d)). (c) Reflection spectra with fL = 0.2 as a function of
grating thickness. (d) Reflection spectra with fL = 0.35 as a function of grating thickness.
Additional resonances occur at short wavelengths in (c), where the waveguide modes are
excited by the ±2 PW orders.

adjacent Fano resonances continue to have opposite polarity, so that when they broaden to the
extent that they overlap, they form broad regions of uniformly high reflectivity.

Having understood both the location and the polarity of the Fano resonances, we can
now fully explain the striking “checkerboard” pattern observed in Figs. 8(c) and 8(d) where
fL = 0.2 and fL = 0.35 respectively: high reflectivity occurs between consecutive Fano res-
onances whose line-shapes have opposite symmetry; the transmission is high on the other side
of these Fano resonances; and the areas are bounded by the specular F-P resonances, because
these invert the polarity of the Fano resonances. Regions of high transmissivity are formed by
the same process, between Fano resonances with the opposite symmetry. This fully explains
the physics that causes the broadband regions of near total reflectivity or transmission that are
the stand-out features of HCGs.

4. Dependence on incident angle

So far we have considered only normally incident light. For spectrum splitting applications,
however, light is typically incident at θ = 45o, such that the transmitted and reflected light are
at θ = 90o to each other. At normal incidence the ± m PW orders are degenerate (k2

x,−1 = k2
x,1

in Eq. 2, when θ = 0). The major effect of moving to non-normal angles of incidence is that this
degeneracy is lifted, with one PW having a larger, and the other a smaller, kz. This doubles the
number of wavelengths at which the grating couples to waveguide modes, doubling the number
of Fano resonances. The m = +1 set occurs at shorter wavelengths than at normal incidence,
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Fig. 9. Absorption for our canonical grating ( fL = 0.05) at angles of incidence of (a)
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(dashed) PW order at θ = 5o. The solid lines are for normal incidence and different colours
are different WG orders. (d) The transmission spectrum corresponding to the marked slice
through (b).

and the m =−1 set at longer wavelengths.
In Figs. 9(a) and 9(b) we show the absorption spectra of the grating from Fig. 2 illuminated at

θ = 5o and θ = 20o, where we use the absorption peaks as proxies for the location of the Fano
resonances. In Fig. 9(c) we show the analytic curves equivalent to the red curve of Fig. 2(d) at
θ = 5o, which exhibits the splitting of the degeneracy, although their quantitative agreement to
Fig. 9(a) is not as good as in Fig. 2. The −1 PW order are shown in dashed lines, the +1 PW
order in dot-dashed lines, and the ±1 PWs at normal incidence are shown for comparison as
solid lines. The different colours represent different order WG modes.

Figure 9(d) shows the transmission spectrum of the grating at θ = 20o with h = 250 nm
(marked in Fig. 9(b)). We see that the GMRs that correspond to coupling into the same order
waveguide mode (labelled (ii), (iii)) have the same polarity, as they must, given that they are
degenerate at normal incidence. Consecutive WG order resonances still have opposite polar-
ity, as can be seen by comparing (i) and (iii). Because (ii) and (iii) have the same symmetry,
the transmission dip that extended uniformly from (i) to (iii) at normal incidence now has an
anomaly in it. As θ increases, (ii) shifts to shorter wavelengths, passing through (i), so that the
broadband region is restored. In the next section θ = 45o, such that the resonances associated
with the −1 PW orders occur at λ < 450 nm and are not observed in the range of interest.

5. Application as a wavelength selective reflector

Building on the results of the previous sections, we now design wavelength selective reflectors
operating at the visible and near infrared wavelengths of importance in photovoltaic applica-
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tions, with light incident at θ = 45o. We investigate gratings composed of annealed, amorphous
TiO2, with air inclusions. For simplicity we follow previous studies [2, 6] and consider HCGs
suspended in air, with similar results be obtainable in the presence of low index substrates. We
focus on TiO2 as it is a standard material for nanofabrication that has relatively low absorptiv-
ity. The complex refractive index data for TiO2 is taken from [30], with values varying from
nTiO2 = 2.13 + 0.0084i at λ = 450 nm to nTiO2 = 2.02 + 0.0017i at λ = 1200 nm
(the long wavelength limit of the data). Figure 10 shows the reflection and absorption spectra
of gratings composed of TiO2 ( fTiO2 = 0.45) for 450 nm < λ < 1200 nm, which covers the
peak of the solar spectrum.

In Figs. 10(a) and 10(b) we see how reducing the refractive index and fH from our previ-
ous examples has significantly reduced the Q-factors of the Fano resonances, broadening the
wavelength range of high reflectance, and slightly decreasing the amplitude of the reflection
peak. The resonances associated with the fundamental WG mode and the first higher order WG
mode overlap; and since, in the absence of an intermittent F-P resonance, their symmetries are
opposite they form broadband reflection regions.

The bandwidths of the reflection regions in Figs. 10(a) and 10(b) are smaller than in previous
studies [5], which is due to the lower refractive index. The only difference between the gratings
in Figs. 10(a) and 10(b) is the period, which is d = 450 nm in Fig. 10(a) and d = 540 nm
in Fig. 10(b). We see that this tunes the location of the Fano resonances, and of the cut-off
wavelength, below which the Fano resonances associated with the ±1 orders disappear. This
later cut-off is where the ±1 orders become propagating in air, and are therefore no longer
highly reflected at the grating-air interface.

Figures 10(d) and 10(e) show the absorption spectra corresponding to Figs. 10(a) and 10(b).
The substantial absorption at λ < 500 nm, particularly for thick gratings, is due to the imag-
inary part of nTiO2 increasing dramatically at shorter wavelengths. We limit the scale bar to
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α < 25% to bring out the absorption at longer wavelengths. Associated with each Fano res-
onance is an absorption peak, which occurs due to the light spending a prolonged time in a
waveguide mode. These peaks are of relatively low amplitude and remain highly localized to
the centre of the Fano resonance, even when the resonances broaden to form the broadband
feature.

The reflection bandwidth may be increased to meet practical requirements by combining
multiple gratings. This can be achieved while maintaining relatively low absorption in the re-
gion of interest. Figure 10(c) shows the results for a stack where the grating of Fig. 10(a)
are placed above the grating of Fig. 10(b), separated by an air layer of thickness 1 µm.
The spectra are quite insensitive to the separation distance as long as hspacer > 2d such that
the gratings do not couple evanescently. The resultant reflection band spans approximately
300 nm (∆ λ/λ ≈ 0.3), similar to previous studies [5]. The absorption peak at approximately
λ = 950 nm is strengthened in Fig. 10(e) because it corresponds to both the d = 450 nm and
d = 540 nm HCGs being on resonance, coupling to the fundamental and first higher order WG
modes respectively.

The Fano line-shape ensures that the reflection is close to zero on the other side of the
reflection bands. At longer wavelengths, beyond the cut-off of the ±1 order (here around
λ = 1200 nm), the grating acts as a homogenised film with slowly varying F-P resonances.
These preliminary results show that dielectric gratings are well suited to being used as spectrum
splitting elements with low loss and high wavelength selectivity. Because the HCG reflectors
are only a single thin layer (in this case h < 750 nm), their parasitic absorption may be less than
in a multi-layered Bragg stack composed of the same material.

6. Conclusion and discussion

We studied the Fano resonances that occur in high-contrast gratings when guided mode reso-
nances are excited in the presence of slowly varying Fabry-Perot resonances. The broadband
regions of near 100% reflection and near 100% transmission were shown to arise because con-
secutive GMRs have opposite polarity. The checker-board patterns, that are signatures of HCGs,
were shown to be caused by the polarity of the Fano resonance flipping when a F-P resonance
is passed. We also examined the effect of material absorption and non-normal angles of inci-
dence, finding that good wavelength selectivity can be achieved with little parasitic absorption,
even when using lossy materials.

Our results are for TE polarized light. Many applications, such as solar spectrum splitting,
however use unpolarized light. One-dimensional structures are intrinsically highly polarization
sensitive, and a recent study of HCGs showed that gratings optimized for TM polarized light
were substantially thicker than gratings designed for TE polarized light [31]. This strengthens
the case for investigating bi-periodic structures for applications involving unpolarized light. The
insights developed in this paper are, however, quite general, and should apply also to bi-periodic
structures, which support guided modes for both TE and TM polarized light.
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Figure 6.3: Selected frames from Visualization 1 in Paper 6.2 showing the evolution of t in
the complex plane as a function of wavelength as well as the corresponding transmission
spectrum (Fig. 4 from Paper 6.2). The trajectory of t is shown in red during guided mode
resonances and in blue when dominated by the Fabry-Perot resonances.
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Epilogue
In Paper 6.2 we examined how the symmetry properties of the guided mode resonances of
dielectric gratings lead to broadband reflections. These features have many applications,
including as cost-effective spectrum-splitting components in decoupled multi-junction SCs.
In the next chapter we find that these same resonances can be engineered to absorb 100%
of light of a certain wavelength, even when the gratings are of a deeply sub-wavelength
thickness.
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Chapter 7

Total Light Absorption in
Ultra-thin Gratings

The sunlights differ,
but there is only one darkness

Ursula K. Le Guin

Up to now we have studied a variety of nanostructures that may improve the performance
of SCs either by enhancing the broadband absorption of thin-film SCs or by splitting the
solar spectrum and directing the correct wavelengths to each subcell of multi-junction SCs.
In this chapter, our focus is somewhat less on solar applications (for which the absorption
across a wide spectrum is crucial), instead choosing to maximise the absorption of ultra-thin
structures at a single wavelength. In particular we investigate the total absorption of light
in deeply-subwavelength layers, which has a range of applications and is a classic problem
of great appeal in its own right.

7.1 Applications of Ultra-thin Absorbers
The applications of ultra-thin (|n|h � λ), highly absorbing structures include photodetec-
tion and SCs, as well as as all-optical modulators and filters. The former applications make
use of the absorbed photons that are converted to electron-hole pairs, while in the latter
applications the absorption is a byproduct.

Photodetectors and Extremely-thin Solar Cells

As discussed in Sect. 2.2.6 in the context of the power conversion efficiency of SCs, the
non-radiative recombination of a device is proportional to the density of non-radiative re-
combination centres and its volume. In SCs non-radiative recombinations constitute lost
energy, while in photodetectors they contribute to the noise of the device. In order to max-
imise the signal-to-noise ratio of photodetectors it is therefore advantageous to minimise
their volume, while maximising the absorption (the signal).

For solar applications the motivation to use extremely-thin absorbers is the potential
to use very inexpensive earth-abundant semiconductors, such as FeS2, CuO, and Zn3P2

[63, 64]. The electrical properties of these materials generally dictate that the SCs are less
than 100 nm thick. This means that, although the intrinsic absorption of these materials is
quite high, light management techniques are still required to boost their performance. The
advantage offered by earth-abundant semiconductor SCs over organic and dye-sensitized
SCs is not efficiency (having η < 10%), but rather greater stability and longevity. However,
prospects of earth-abundant SCs have declined with the rapid improvement in the efficiency
of Perovskite SCs to η > 20%.
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Figure 7.1: Schematic of how the standing wave (black) formed by two coherent, counter-
propagating waves (red and blue) lead to (a) high absorption in a thin film when the absorber
is placed at the anti-node of the interference pattern, or (b) very low absorption when placed
at a node.

Controlling Light with light

Ever since Huygens formulated his principle of the linear superposition of light [220], it has
been thought that the modulation of light using light requires high light powers (lasers)
and nonlinear media. Being able to control light with light, for example in an all-optical
modulator [221], is the premise of many applications, such as ultra-high speed all-optical
data networking. These applications have spurred a great deal of the research into nonlinear
optics [222].

It was recently shown that nanostructures, in particular ultra-thin absorbers, provide av-
enues for directly controlling light with light, in linear materials [223]. This is demonstrated
in Figs. 7.1(a) and 7.1(b), which show how the interference of two counter-propagating beams
creates a standing wave that is sensitive to the intensity and phase of the beams, as well as
the position of the absorber relative to the standing wave. When the ultra-thin structure
is located at the anti-node of the standing wave, as in Fig. 7.1(a), the absorption may be
large (we will show that it can be 100%), meanwhile when the structure is at a node of the
standing wave, as in Fig. 7.1(b), the absorption is very small. In this way the amplitude of
one beam can be modulated by adjusting the phase of the second beam.

Prelude to Paper 7.2
We now present the paper in which we demonstrate the total absorption of visible light in
ultra-thin lamellar gratings, along with its supplementary material:

B. C. P. Sturmberg, T. K. Chong, T. P. White, D.-Y. Choi, L. C. Botten, K. B. Dossou,
C. G. Poulton, K. R. Catchpole, R. C. McPhedran and C. M. de Sterke. “Total absorption
of visible light in ultra-thin weakly-absorbing semiconductor gratings”. Optica (Submitted)
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The perfect absorption of light in subwavelength thickness layers generally relies on exotic materials,
metamaterials or thick metallic gratings. Here we demonstrate that total light absorption can be achieved
in ultra-thin gratings composed of conventional materials, including relatively weakly-absorbing semi-
conductors, which are compatible with optoelectronic applications such as photodetectors and optical
modulators. We fabricate a 41 nm thick antimony sulphide grating structure that has a measured absorp-
tance of A = 99.3% at a visible wavelength of 591 nm, in excellent agreement with theory. We infer that
the absorption within the grating is A = 98.7%, with only A = 0.6% within the silver mirror. A planar
reference sample absorbs A = 7.7% at this wavelength. © 2014 Optical Society of America

OCIS codes: (050.0050) Diffraction and gratings; (310.6628) Subwavelength structures, nanostructures; (350.4238) Nanopho-
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1. INTRODUCTION

Completely absorbing light within a layer of deeply sub-
wavelength thickness, with zero reflection and zero transmission,
is a challenge of both fundamental theoretical interest and of
importance for practical applications such as photodetectors [1],
optical switches, modulators and transducers [2, 3]. Total light
absorption (TLA) can be achieved in two ways: by adiabatically
introducing a complex refractive index change over the space
of many wavelengths; or by creating a critically coupled reso-
nance. While the first approach exhibits TLA across a broad
bandwidth, it is inconsistent with the use of thin films [4]. The
critical coupling condition required for resonant perfect absorp-
tion is typically satisfied over a modest bandwidth, but may be
achieved in structures of subwavelength thickness.

Resonant perfect absorbers typically couple light into either a
longitudinal standing wave in a homogeneous (or homogenised
metamaterials) layer, as in Fig. 1(a) [1–3, 5–11], or a sideways
propagating Surface Plasmon Polariton (SPP) on the surface of

a corrugated metal, as in Fig. 1(b) [12, 13]. TLA has also been
demonstrated using plasmonic nanocomposites [14, 15] and
plasmonic metasurfaces [16, 17], however plasmons are only
excited by Transverse Magnetically (TM) polarized light. The
very strong absorption of unpolarized light has been achieved
using crossed or bi-periodic metallic gratings [12, 18], and arrays
of single layer doped graphene nano-disks [19]. The fabrication
of metamaterial and nanoplasmonic structures is challenging
because their minimum feature sizes are on the order of tens
of nanometers at infrared and visible wavelengths. The use of
metals also makes them incompatible with optoelectonic appli-
cations where a photocurrent must be extracted.

Here we experimentally demonstrate the total absorption of
light in lamellar gratings of deeply subwavelength thickness
and provide a comprehensive theoretical treatment of the phe-
nomenon using the EMUstack package [20–22] for numerical
simulations. Figures 1(c) and 1(d) show our theoretical and ex-
perimental configurations respectively. In our experiments we
show that Transverse Electrically (TE) polarized light, where the
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Fig. 1. (a) TLA achieved by coherent illumination of a homo-
geneous film. (b) TLA achieved with a surface grating on a
metal, which couples light into sideways propagating SPPs. (c)
TLA in volume gratings occurs at different values of n because
higher order grating modes propagate with a significant side-
ways component. (d) TLA in a one-port system is achieved by
placing a mirror behind the absorber at a spacing that ensures
the light incident from below is in phase with the light from
above.

E-field is along the grating rulings (y-axis in Fig. 1), is totally
absorbed in gratings composed of relatively weakly-absorbing semi-
conductors that have a complex refractive index, n = n′ + in′′,
with n′′ � n′. Such materials are abundant in nature and are
compatible with optoelectronic applications. Furthermore, our
structures have minimum feature sizes close to 100 nm even
when targeting visible wavelengths, and can be patterned us-
ing standard techniques. We also show numerically that TM
polarized light (H-field along y-axis) can be totally absorbed in
ultra-thin gratings, and that this requires metallic materials with
n′′ > n′ (Re(ε) < 0), because it relies on the excitation of Surface
Plasmon Polaritons (SPPs).

The paper is organized as follows: we begin by reviewing
the fundamental limits to absorption in ultra-thin structure; in
Sect. A we derive the conditions for TLA in uniform layers;
in Sect. 3 we investigate absorption in gratings showing that
TLA occurs at very different refractive indices than in uniform
layers; in Sect. 4 we demonstrate TLA experimentally in weakly
absorbing semiconductor gratings illuminated from one side;
in Sect. 5 we show theoretically that TLA in ultra-thin gratings
can be achieved using a very wide range of materials; and we
conclude in Sect. 6.

2. TOTAL LIGHT ABSORPTION IN ULTRA-THIN LAYERS

Before investigating TLA in ultra-thin gratings we briefly exam-
ine TLA in homogeneous ultra-thin films. An ultra-thin structure
(i.e., |n|h� λ, where h is the layers thickness) can absorb at most
50% of the incident power when surrounded symmetrically by
uniform media (refractive index m) and illuminated from one
side [23–25]. This limit arises because the incident energy is
equipartitioned between the two longitudinal modes of these
structures: one has an even electric field symmetry (anti-node
in the centre of the layer as in Fig. 2(a)(i)); the other has an odd
symmetry (node in the centre of Fig. 2(a)(ii)) and therefore does
not contribute to the absorption because it has negligible field
inside the layer. The maximum absorption of A = 50% occurs
when the even mode is totally absorbed.

In order to increase the absorption beyond 50%, the excitation
of the odd mode must be suppressed; TLA requires the structure
either to not support an odd mode, or for the excitation of the
odd mode to be forbidden by the symmetry of the incident field.
With the odd mode not excited, TLA occurs when the even mode
is fully absorbed. In Fig. 1(a) the absorbing layer is illuminated

(b) (c)

0 0E

(a) (i) (ii)

Fig. 2. (a) An ultra-thin layer in a symmetric background sup-
ports an even (i), and an odd mode (ii). The symmetry of co-
herent perfect absorption allows the analysis to focus on one
half of the Fabry-Perot etalon: (b) a homogeneous layer; (c) a
lamellar grating. Marked are the definitions of the modal am-
plitudes (a, b) and their reflection and transmission coefficients
(r′, and t′), which in (b) are expressed in scattering matrices
(R′, and T′).

from both sides by coherent light of equal intensity, which to-
tally suppresses the excitation of the odd mode and excites a
longitudinal standing wave across the layer. This coherent perfect
absorption (CPA) configuration [2] produces A = 100% with the
same combination of n, m and h that produces A = 50% when
illuminated from one side.

A. Homogeneous (and homogenized) layers
Previous studies [2, 10] have noted that TLA occurs in homoge-
neous layers when,

r = −γ2, (1)

where r = (m− n)/(m + n) is the Fresnel reflection coefficient
with normal incidence from the outside, and γ = eink0h/2 is the
change in phase and amplitude acquired by a mode with com-
plex propagation constant nk0 = 2πn/λ upon propagating a
distance h/2 (see Fig. 2(b)). While Eq. 1 has been reported previ-
ously [2, 10], its origin has not been completely clarified. Here
we derive Eq. 1 in an intuitive, rigorous manner that generalizes
to multimoded structures.

We note that Eq. 1 is consistent with critical coupling, where
the loss rate of the resonance is set equal to the rate of incident
energy (see Supplementary Materials for derivation). Critical
coupling has been used to analyze SPP mediated TLA on corru-
gated metal surfaces [1]. Piper et al. showed theoretically that
a monolayer of graphene can achieve TLA when placed on top
of a photonic crystal whose energy leakage rate matches the
absorption rate of the graphene layer [26].

B. Derivation of Equation 1
In the symmetric configuration shown in Fig. 1(a) we can sim-
plify our analysis by considering the properties of one half of
the Fabry-Perot etalon with one incident beam. We begin with
the resonance condition for a driven system in the presence of
loss; with reference to Fig. 2(b) this is

γr′γb + γta = b, (2)

where the first term represents a loop through the structure
starting in the centre of the layer (where the amplitude b is
marked), and the second term describes the contribution of the
driving field to the resonance (also evaluated at the centre). In
the absence of a driving field (a = 0), Eq. 2 reduces to the Fabry-
Perot resonance condition, or equivalently the condition for a
bound waveguide mode.
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Fig. 3. Absorption of h = λ/70 thick film as a function of n′

and n′′, when illuminated at normal incidence from both sides
by in-phase light.

For total absorption we require a further condition: the am-
plitude of the outgoing wave must vanish,

t′γb + ra ≡ 0. (3)

This expression also consists of two terms: the leakage from
the resonant mode into the superstrate; and Fresnel reflection
off the top interface. Finally, Eq. 1 is obtained by solving the
simultaneous equations (Eqs. 2 and 3), using the relationship
−rr′ + tt′ = 1 [27].

C. Requirements on n’ and n”
Rearranging Eq. 1 yields a transcendental expression for the
complex refractive index required for TLA, which holds for
structures of any thickness,

n =
im

tan(nk0h/2)
. (4)

Focussing on ultra-thin structures, we take the Taylor expansion
of the tangent function in Eq. 4 for small arguments up to third
order (derivation in Supplementary Materials). This yields

n '
√

imλ

πh
+

1
3

m2, (5)

which produces results consistent with the expression derived
by Hägglund et al. (Eq. 3 in [10]). While Eq. 5 does not extend
to the case where the substrate and superstrate have different
refractive indices, its far simpler form allows us to obtain further
insights.

Equation 5 reveals that TLA in ultra-thin layers, where
λ/h� m, is always possible in principle, and requires n′ ∼ n′′

with n′′ the slightly smaller. Furthermore |n| ∝
√

λ/h in these
cases, which allows TLA to be achieved with only moderately
large |n| even with very small h. Figure 3 shows the absorption
as a function of the real and imaginary parts of n, for a uniform
film of thickness h = λ/70 arranged as in Fig. 1(a) and confirms
that TLA occurs where n′ ∼ n′′. Throughout our simulations
we take m = 1.

Very few natural materials satisfy the condition n′ ∼ n′′,
making TLA a truly unusual effect; examples include dyes [6]
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Fig. 4. Absorption of h = λ/70 thick gratings as a function of
n′ and n′′, when illuminated at normal incidence from both
sides by in-phase TE polarized light. The grating parameters
are fixed at d = 66λ/70 and f = 0.5.

and the phase change material VO2 (when heated to precisely
342 K) [11]. TLA has also been demonstrated using metamateri-
als, whose subwavelength sized meta-atoms (typically a combi-
nation of inductive and capacitive metallic elements) are engi-
neered to give an homogenized effective permittivity and perme-
ability of Re(εeff) ≈ 0, Re(µeff) ≈ 0 on resonance [1, 8, 9], which
is consistent with n′eff ∼ n′′eff. The Taylor expansion used to
derive Eq. 5 is accurate only when nk0h/2� 1, which explains
how CPA has also been demonstrated in thick (nh/λ > 385)
wafers of silicon at wavelengths where n′′ is three orders of
magnitude smaller than n′ [2, 7].

3. TOTAL ABSORPTION IN LAMELLAR GRATINGS

Having seen that TLA is difficult to achieve in uniform ultra-
thin layers, we now investigate how ultra-thin gratings made of
common materials can achieve TLA. We consider the volume
gratings illustrated in Figs. 1(c) and 2(c), a fraction f of which
has refractive index n and the remainder of which is air, illumi-
nated at normal incidence. The period of the gratings d is chosen
so that multiple Bloch modes (each corresponding to superposi-
tions of diffraction orders) propagate within the grating, but that
only the specular diffraction order propagates away from the
grating in the surrounding medium. These conditions require
neffd > λ and md < λ respectively, where neff of the grating is
calculated using the linear mixing formula of the permittivity
for TE polarization (the inverse linear mixing formula must be
used for TM polarization).

The absorption of TE and TM polarized light in h = λ/70
thick lamellar gratings is shown in Figs. 4 and 5 respectively,
where the gratings have d = 66λ/70 and f = 0.5. Comparing
these to the results for a uniform layer of the same thickness
(Fig. 3) we see that higher order diffractive grating modes drive
TLA at dramatically different values of n than for homogeneous
layers, and that the required n differs greatly between the polar-
izations.

A. TE polarized light: slab waveguide modes
For TE polarized light, Fig. 4 shows that TLA occurs with re-
fractive indices with n′′ � n′ (far below the diagonal in Fig. 4
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Fig. 5. Absorption of h = λ/70 thick gratings as a function of
n′ and n′′, when illuminated at normal incidence from both
sides by in-phase TM polarized light. The grating parameters
are fixed at d = 66λ/70 and f = 0.5.

indicating that the gratings can be made of conventional, weakly-
absorbing semiconductors. We have established that TLA occurs
due to the excitation of the fundamental TE leaky slab wave-
guide mode, which has no cut-off. Such guided mode resonances
have previously been studied in detail for their broadband re-
flection properties [28–30], however TLA has not been reported
using this effect. Examining the dispersion relation of the equiva-
lent waveguide mode of the homogenized grating [31] indicates
that the absorption peak at n′ ∼ 4 corresponds to the waveguide
mode being excited by the grating’s first reciprocal lattice vec-
tors, ±G = ±2π/d, whereas the peak at n′ ∼ 7 is excited by
±2G. While the value of n′ ensures that the guided mode is
phase matched to the incident light, the corresponding n′′ deter-
mines the absorption loss rate of the mode that must be equal
to the mode’s radiative loss rate in order to fulfil the critical
coupling condition and achieve TLA.

B. TM polarized light: surface plasmon polaritons
The results for TM polarized light (using the same gratings as in
Fig. 4 are shown in Fig. 5. The refractive index that produces TLA
has n′′ > n′, i.e., Re(ε) < 0, which implies a different underlying
mechanism. TM polarized light, unlike TE polarized light, can
excite SPPs that propagate in the x-direction, along the interface
between the surrounding medium and a metallic grating, with
Re(ε) > 0 and Re(ε) < 0 respectively. In ultra-thin gratings, the
SPPs of the top and bottom interfaces couple, producing two
modes: the Long Range SPP (LRSPP); and the Short Range SPP
(SRSPP), which is more lossy because it is more tightly confined
within the absorber. TLA occurs due to the SRSPP because its
dominant electric field component has an even symmetry in the
xy-plane, whereas the LRSPP has an odd symmetry. The SRSPP
creates a single absorption peak in Fig. 5 because its propagation
constant is β > 0, while Re(ε) < 0.

4. EXPERIMENTAL DEMONSTRATION

We now present our experimental demonstrations of TLA of TE
polarized light using antimony sulphide (Sb2S3) semiconduc-
tor gratings, placed above a metallic reflector as illustrated in
Fig. 1(d). TLA in this asymmetric configuration is driven by the

(a)

500 nm

(b)

500 nm

---- Sb2 S3----
SiO2---- Ag----
Si

Fig. 6. (a) Scanning electron micrograph at an angle of at 45o

of the Sb2S3 grating structure with d = 388 nm etched groove
width 97 nm (designed for TLA at λ = 605 nm). (b) Focused
ion beam cut cross-sectional view where individual layers and
the grating are clearly distinguished and labelled.

same underlying physics as in Figs. 1(c), but allows for TLA with
only a single incident beam and is experimentally far simpler.
Sb2S3 was chosen as the absorbing layer because it is a stable
semiconductor that can be deposited in thin films using thermal
evaporation and it has a suitable refractive index and absorp-
tion coefficient (in its as-deposited amorphous form) to meet the
TLA requirements close to λ = 600 nm. We emphasize that the
results of Sect. 3 demonstrate that TLA in ultra-thin gratings is a
general effect that can be achieved using a very wide range of
common materials.

A. Fabrication

Figures 6(a) and 6(b) show SEM images of a fabricated grating
structure on a polished Si wafer with light incident from air.
From bottom to top, the structure consists of: a 130 nm Ag re-
flector deposited by thermal evaporation; a hs = 245 nm thick
SiO2 spacer layer (refractive index ms) deposited by plasma-
enhanced chemical-vapour-deposition (PECVD); and a 41 nm
thick amorphous Sb2S3 layer deposited by thermal evaporation.
The grating was fabricated using electron-beam-lithography to
define a mask in a PMMA resist, followed by an inductively-
coupled plasma (ICP) etch using CHF3 gas. Further details of
the deposition and processing conditions are provided in the
Supplementary Material.

The SiO2 spacer layer is crucial for TLA in the asymmetric
configuration because the light striking the absorber from below
must be exactly in phase with the light incident from above
to prevent the excitation of the odd mode. In the idealised
case of an infinitesimally thick absorber and a perfect mirror [5]
the required spacer thickness is hs = λ/4ms. However at the
wavelengths of interest in our demonstration, λ ∼ 600 nm, Ag
is an imperfect metal, which requires hs < λ/4ms (details in
Supplementary Materials).

We here focus on two 41 nm thick gratings, designed to
achieve TLA at λ = 591 nm and λ = 605 nm, which have
d = 375 nm, f = 72%, and d = 385 nm, f = 75% respec-
tively. The measured refractive indices of Sb2S3 at these wave-
lengths are nSb2S3 = 3.342 + 0.096i and nSb2S3 = 3.298 + 0.074i
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Fig. 7. Reflectance of the fabricated gratings designed for TLA
of TE polarized light at λ = 591 nm (green) and λ = 605 nm
(red) and the planar reference structure (blue). The measured
values (triangles, circles and squares respectively) and simu-
lated predictions (dashed, dot-dashed and solid curves) show
excellent agreement, in particular in the vicinity of reflectance
minima. The inset shows the simulated absorption in the Ag
reflector below the grating optimized for λ = 591 nm.

respectively, corresponding to absorption coefficients of α =
2.04× 104 cm−1 and α = 1.54× 104 cm−1, and single pass ab-
sorptances of A = 8.0% and 6.1%.

B. Results
Optical reflection measurements were performed in a confocal
microscope using a 20×, NA = 0.4 objective lens, and a broad-
band supercontinuum light source. Reflected light was collected
by a 100 µm core multimode fiber and coupled into a spectrome-
ter for detection. The reflection spectrum from a planar, unpat-
terned region was compared to the spectrophotometer-measured
reflectance of the same sample, and this was used to calibrate the
reflectance from the patterned region. The measured (symbols)
and simulated (curves) reflection spectra are plotted in Fig. 7,
and show excellent quantitative agreement, especially in the
wavelengths in the vicinity of the reflectance minima, for which
they are calibrated.

The minimum measured reflectance is 0.7± 0.5% at 591 nm,
which corresponds to an absorption of A = 99.3± 0.5% since
the Ag mirror is sufficiently thick to prevent any transmission
to the substrate. Although it is not possible to measure the ab-
sorption in the Sb2S3 and in the Ag separately, we can infer
these values with some confidence from simulations given the
excellent agreement between the modelled and measured results.
The simulations indicate that, at λ = 591 nm, the planar Sb2S3
film absorbs A = 7.7%, and the Ag mirror absorbs A = 0.3%
(A = 8.0% total). After patterning the semiconductor layer,
the calculated absorption increases to A = 98.9% within the
Sb2S3 grating and A = 0.6% in the Ag (the simulated absorption
spectrum of the Ag layer is shown in the inset in Fig. 7(c)). We
therefore infer A = 98.7% in the experimentally realised Sb2S3
grating. For the second grating the maximum absorption at
λ = 605 nm is A = 97.4± 0.5%, which we infer is A = 96.6% in
the Sb2S3 grating. This is an even larger increase relative to the

planar sample (A = 6.1% at λ = 605 nm) because the absorp-
tion coefficient of Sb2S3 decreases noticeably with increasing
wavelength, from λ = 591 nm to λ = 605 nm.

5. GENERALITY OF TLA EFFECT

Having shown that TLA can be achieved experimentally and
numerically using a specific material, we now investigate what
range of material parameters are compatible with TLA in ultra-
thin gratings. To do this we consider gratings with a range of
εh/λ values, and numerically optimize the d and f of the grating
such that the absorption is maximized. Our optimizations were
carried out in terms of εh/λ because we established that the
properties of ultra-thin lamellar gratings depend only on this
parameter. The relation |n| ∝

√
λ/h therefore applies to both

homogeneous layers and gratings. Our proof of this property,
presented in the Supplementary Material, involves reducing
the finitely conducting lamellar grating formulation [32] to the
grating layer formulation of Petit and Bouchitté [33] in the limit
of infinitesimal thickness, and is consistent with the formulation
of perfectly conducting zero thickness gratings [34].

The results of the optimization for TE and TM polarized
light are shown in Figs. 8(a) and 8(b) respectively. Here the
coloured contours show the maximum absorption obtained at
each value of εh/λ, and the black dashed curves indicate the
εh/λ of ultra-thin layers of common materials across the visible
spectrum, 350 nm < λ < 800 nm. In Fig. 8(a) the dashed
curves correspond to h = λ/30 layers of CdTe, InP, GaAs (left
to right), and h = 41λ/605 layers of Sb2S3 (furthest right). The
values of our experimental demonstrations in Sb2S3 at λ =
591 nm, 605 nm are marked by a magenta triangle and circle
respectively. In Fig. 8(b) meanwhile, the dashed curves show the
values for h/λ = 1/20 thick layers of Cu, Au, and Ag [35] (top to
bottom), across the same visible wavelength range. Comparing
these trajectories with the optimized absorption indicates that
TLA can be achieved across almost the whole visible spectrum.
The position of the dashed curves expand/contract radially from
the origin when the h/λ ratio is decreased/increased.

A. Theoretical analysis of absorption in gratings

In order to analyse TLA in gratings we examine the coupling
coefficients between the grating modes and the plane waves
of the surrounding medium (Fig. 2(c)); for example, t00 is the
coupling coefficient of the incident specular plane wave with the
“fundamental” grating mode (labelled BM0), while r′01 describes
the reflection of the fundamental grating mode into the “higher
order” grating mode (labelled BM1). We consider the case of
normal incidence upon a grating in which only two modes prop-
agate, whose amplitudes are c0, c1; when more modes propagate
(such as at non-normal incidence) the expressions generalize
with scattering matrices representing the coupling between all
propagating modes.

In the case of two propagating modes, the resonance condi-
tion of BM1 is given by

γ1t01a + γ1r′01γ0c0 + γ1r′11γ1c1 = c1. (6)

From left to right, these terms represent: the light incident from
the surrounding medium; the coupling between BM0, and BM1;
and the Fabry-Perot resonance of BM1. Combining this with
the resonance condition of BM0 (including cross coupling), and
the requirement of no outgoing wave, we find that TLA occurs
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and h = 41λ/605 layers of Sb2S3 (furthest right), while in (b)
the curves show the values of h = λ/20 layers of Cu, Au, and
Ag (top to bottom). The values of our experimental demonstra-
tions in Sb2S3 at λ = 591 nm, 605 nm are marked as a magenta
triangle and circle respectively.
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det




r00 t′00γ0 t′10γ1

γ0t00 γ0r′00γ0 − 1 γ1r′10γ0

γ1t01 γ1r′01γ0 γ1r′11γ1 − 1


 = 0. (7)

The top left quadrant of Eq. 7 reproduces the condition for TLA
in uniform films (i.e. Eq. 2, and 3), where only one mode prop-
agates within the absorber. Equation 7 accurately predicts the
complex refractive indices that maximise the absorption of ultra-
thin gratings (Figs. 4 and 5) and we now draw on it to under-
stand the differences between the total absorption of TE and TM
polarized light.

B. Comparison between polarizations
A striking difference between Figs. 4 and 5 is that there is no
absorption peak due to the excitation of the fundamental TM
waveguide mode in Figs. 5, even though this mode also has no
cut-off. This is because the field of this mode is concentrated
almost totally within the air surrounds in ultra-thin structures,
with only very little field inside the absorber, which is expressed
in a modal effective index of the mode being neff ' 1 [36]. This
field distribution prevents the mode from contributing notice-
ably to the absorption and also means the mode is very weakly

excited, because there is a negligible overlap between the guided
mode and the incident field. The analysis using Eq. 7 leads to
the same conclusion; the phase of r′11 is approximately 0 and
π, for TE and TM respectively, corresponding to a node and an
anti-node of the electric field close to the grating’s interface [37].
In order to observe an absorption peak for TM polarized light
in gratings with n′′ < n′, the refractive index range must be
increased to |n| ≈ 40, which is unrealistic, or the thickness of
a structure with n′eff ∼ 5 must be increased to h > 100 nm, at
which point the structure is no longer ultra-thin.

6. CONCLUSION AND DISCUSSION

We have shown theoretically and experimentally that ultra-thin
gratings made of a wide range of weakly-absorbing semicon-
ductors can absorb nearly 100% of TE polarized light. We also
showed theoretically that TM polarized light can be totally ab-
sorbed in ultra-thin gratings made of metals. We measure a peak
absorptance of A = 99.3± 0.5% at λ = 591 nm, in a structure
with a 41 nm thick Sb2S3 grating, where A = 98.7% within the
grating. Our findings show that the total absorption of shorter
visible wavelengths can be straightforwardly achieved by using
thinner gratings or materials with smaller ε. Our gratings are
far simpler to design and fabricate than existing ultra-thin per-
fect absorbers which rely on exotic materials and metamaterials,
and may be generalized to achieve TLA of both polarizations
simultaneously by using bi-periodic structures. Ultra-thin per-
fect absorbers made of weakly-absorbing semiconductors may
be used in optoelectronic applications such as photodetectors,
where the use of semiconductors provides the possibility of
extracting a photocurrent or measuring the photoresistivity.

7. SUPPLEMENTARY MATERIAL

Additional information regarding sample fabrication, optical
characterization, and the effects of non-ideal metal back reflec-
tors. Critical coupling derivation of Eq. 1, derivation of Eq. 5 and
proof of the invariance of the properties of ultra-thin gratings
for constant εh/λ.
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1. EFFECT OF AN IMPERFECT METAL REFLECTOR

Figures S1(a) and S2(a) show the absorption of a h = λ/70
thick uniform layer illuminated from one side, with a spacer
layer and reflector on the other side. This absorber layer is
therefore the same as shown in Fig. 3(a) of the main text, except
that it in arranged in the asymmetric configuration of Fig. 1(e)
rather Fig. 1(c). In Fig. S1(a) the reflector is made of a perfect
conductor and in and S2(a) it is made of silver. TLA occurs at a
smaller |n| than in the case of coherent illumination from both
sides (Fig. 3(a)) because the light entering the layer from below
has a lower amplitude than the light incident from above (it
has passed through the absorber at least once). The condition
n′ ∼ n′′ is preserved because it is a fundamental requirement of
critically coupling the standing wave inside the absorber with
the incident propagating wave.

For each value of n we numerically optimize the thickness of
the spacer layer, hs, which are presented in Figs. S1(b) and S2(b)
for the perfect conductor and silver back reflectors respectively.
In the case of the perfect conductor the optimal spacer layer
thickness is hs = λ/4ms (indicated by the red curve). Silver

however is not an ideal metal at λ ∼ 600 nm, and while its
reflection coefficient has a magnitude close to unity, its phase
is not precisely π, as it is for a perfect conductor. The spacer
thickness required for TLA (which occurs at a value of n just
below the diagonal) is hs < λ/4ms.

2. SAMPLE FABRICATION

The Sb2S3 grating stack was fabricated in the following way. Ag
of h = 130 nm was thermally deposited on top of a polished sili-
con substrate at a deposition rate of 3 Å.s−1 using an Angstrom
thermal evaporator. Subsequently, a 245 nm thick SiO2 film
was deposited using an Oxford Plasmalab 100 dual frequency
plasma-enhanced-chemical-vapour-deposition (PECVD) tool at
a temperature of 300oC and deposition rate of 0.92 nm.s−1. The
resulting SiO2 film has a refractive index n of 1.47 at λ = 600 nm,
measured by ellipsometry. A thin layer of Sb2S3 was then ther-
mally evaporated on top of the SiO2 film using an Angstrom
system with a deposition rate of 0.3 Å.s−1. The resulting Sb2S3
film thickness was 41 nm.

To form the grating, a layer of positive photo resist (950
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Fig. S1. (a) Absorption as a function of complex refractive
index for a uniform film with h = λ/70, placed above a perfect
conductor with a spacer layer of refractive index ms and a
thickness hs shown in (b). The thickness of the spacer layer
has been optimized to maximize the absorption. The TLA
point lies slightly below the diagonal dashed line, where hs =
λ/4ms.
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Fig. S2. (a) Absorption as a function of complex refractive
index for a uniform film with h = λ/70, placed above a sil-
ver reflector with a spacer layer of refractive index ms and a
thickness hs shown in (b). The thickness of the spacer layer
has been optimized to maximize the absorption. The TLA
point lies slightly below the diagonal dashed line, where
hs < λ/4ms.

PMMA A4) was spin-coated onto the stack (Si/Ag/SiO2/Sb2S3)
and baked on a hotplate for 3 minutes at 180oC. Gratings of size
100 µm× 100 µm with varying period and line width were ex-
posed in the PMMA using a Raith 150 electron-beam-lithography
(EBL) system with a writing dose of 200 µC.cm−2. The exposed
patterns were developed in MIBK/IPA developer solution for 1
minute followed by an IPA rinse to prevent over-development.

Sb2S3 can be etched using inductively-coupled-plasma (ICP)
etch using CHF3 gas. A range of etching parameters was initially
trailed on test patterns to identify the conditions for etching a
thin layer of Sb2S3. The optimal etching recipe was found to
be: pressure = 15 mTorr, ICP power = 200 W, RF power = 75 W
and CHF3 flow rates of 50 sccm. With these conditions 60 s is
sufficient to remove 41 nm of Sb2S3. Following the etching, the
remaining PMMA was removed using oxygen plasma etch for
15 minutes.

3. OPTICAL CHARACTERIZATION

The grating reflectance spectra were measured in two steps. First,
the reflectance of a large (∼1 cm2) unpatterned area of the sam-
ple was measured in a spectrophotometer with an integrating
sphere attachment (Perkins Elmer). This provided an accurate
(±1.3%) reflectance reference for calibrating the small-area re-
flectance measurements on the patterned areas of the sample.

The patterned sample was measured in a WITec 300s confocal
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Fig. S3. The real (n′) and imaginary (n′′) parts of the refrac-
tive index of Sb2S3, as measured using ellipsometry. A thin
layer (h ∼60nm) of Sb2S3 was deposited directly on top of a
polished silicon wafer. The band gap energy of the evaporated
Sb2S3 is ∼1.82 eV, corresponding to λ = 680 nm. For a 41 nm
thick Sb2S3 film the single pass absorption at λ = 605 nm is
6.1% and 11.9% for double pass absorption at the vicinity of
reflectance minimum.

microscope using a 20×, NA = 0.4 objective lens for illumination
and collection of reflected light. Illumination was provided by
a broadband supercontinuum source (Fianium SC450-2) that
was filtered using an acousto-optical tunable filter (AOTF) fiber-
coupled to the microscope. The AOTF was used to select eight
closely-spaced wavelengths at a time for reflectance measure-
ments, and measurements were repeated with different illu-
mination wavelengths in order to span the spectral range of
interest from λ = 520 nm to λ = 640 nm. Reflected light was
collected by a 100 µm multimode fiber and coupled into a NIR
spectrometer (Princeton Instruments) for detection. Spectra of
patterned and unpatterned regions were measured in this way
and calibrated using the large-area reference reflectance data to
obtain the grating reflectance. Reflectance measurements were
repeated on several occasions using multiple samples and found
to be highly reproducible. The main source of uncertainty in
the reflectance measurements in the vicinity of the absorption
peak is thought to be random fluctuations in the source intensity
and/or spectrum. Based on analysis of the raw spectral data, we
estimate the accuracy of the measured reflectance values to be
±0.5%.

In Fig. S4 we present the reflection spectra of four Sb2S3
grating structures, all of thickness hs = 41 nm (measured shown
as symbols and simulated shown as curves). The gratings with
reflection minima at λ = 591 nm, λ = 605 nm are the same as in
the main text, while those with reflection minima at λ = 595 nm,
λ = 610 nm have d = 380 nm, f ∼ 73%, and d = 390 nm,
f ∼ 75% respectively.

4. CRITICAL COUPLING

In this section we show that critical coupling is consistent with
Eq. 1 in the main text. Consider a uniform film of refractive
index n = n′ + in′′ and thickness h/2, enclosed on one side by
a perfect mirror, and bounded on the other by a medium of
refractive index m.
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Fig. S4. Reflectance of various gratings and the reference pla-
nar structure. Measured results are shown as symbols and
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the reflectance minima at λ = 595 nm and λ = 610 nm.

Photons oscillating within the layer strike the interface be-
tween media n, m every hn′/c seconds, where c is the speed of
light in vacuum. The probability of a photon remaining within
the layer after striking the interface is |r′|2, with r′ defined in
the main text. The probability of the same photon being within
the layer after another round trip (at a time t = (hn′/c) seconds
later) is |r′|4. The probability of the photon remaining within
the layer therefore decays exponentially as ρ1(t) = exp(−t/τ1),
where the decay constant τ1 is found from,

ρ1(t) = (|r′|2)ct/n′h = eln(|r′ |2)ct/n′h (1)

= eln(1−(1−|r′ |2))ct/n′h (2)

= e−ln(1−|r′ |2)ct/n′h. (3)

Therefore τ1 = −n′h/cln(|r′|2).
Meanwhile the probability of a photon remaining within the

film also decays exponentially due to absorption. Disregarding
losses due to photons escaping the thin film cavity, the probabil-
ity of a photon being remaining in the layer is

ρ2(t) = e−4πn′′h/λ (4)

= e−4πn′′ct/λn′ , (5)

so that the associated decay constant is τ2 = n′λ/4πn′′c.
At critical coupling τ1 = τ2, so setting eτ1 = eτ2 we find,

en′λ/4πn′′c = e−n′h/cln(|r′ |2) (6)

e−4πn′′h/λ = eln(|r′ |2) (7)

|γ|4 = |r|2, (8)

using the definition of γ and the relationship of the Fresnel
coefficients that |r′| = |r|. Equation 8 is consistent with Eq. 1
from the main text, although it does not contain information
about the relative signs of r and γ2.

5. DERIVATION OF EQ. 5

The Taylor expansion of the tangent function for small argu-
ments up to third order is tan(x) = x + x3/3. The first order
expansion of Eq. 4 in the main text is therefore

n =
im

nk0h/2
, (9)

while to third order we have

n =
im

nk0h/2 + 1
3 (nk0h/2)3

. (10)

Upon rearranging this is

im = n2k0h/2 +
1
3
(k0h/2)3n4, (11)

and substituting in Eq. 9 for n4,

im = n2k0h/2 +
1
3
(k0h/2)3(

−4m2

k2
0h2

), (12)

= n2k0h/2− 1
3
(k0h/2)m2, (13)

n2 =
2im
k0h

+
1
3

m2, (14)

=
imλ

hπ
+

1
3

m2, (15)

(16)

which is Eq. 5 in the main text.

6. DERIVATION OF GRATING SCALING LAW

We consider TE or E‖ polarization in which the electric field is
aligned with the grooves of a lamellar grating of thickness h,
located between−h/2 ≤ z ≤ h/2. Above and below the grating,
the field is written in the respective plane wave expansions

E(x, y) = ∑
p

η−1/2
p

(
δp exp(−iχpz) + rp exp(iχpz)

)
ep(x), (17)

E(x, y) = ∑
p

η−1/2
p tp exp(−iχpz)ep(x) (18)

where δp, rp and tp denote the incident, reflected and transmitted
field amplitudes, ep = exp(iαpx)/

√
d denotes the normalised

plane wave Bloch field, αp = α0 + 2πp/d, χp =
√

k2 − α2
p, and

ηp = χp/k.
Within the grating, the field is represented in the Bloch mode

expansion

E(x, y) = ∑
n
(an cos(βnz) + bn sin(βnz)) un(x) (19)

where un(x) is the Bloch mode field satisfying the quasiperiodic
Sturm Liouville problem

u′′n(x) + k2ε(x)un(x) = β2
nun(x) (20)

where ε(x) defines the relative permittivity distribution across
the lamellar grating profile, i.e., ε(x) = εa = 1 for 0 ≤ x < ca,
and ε(x) = εb for ca ≤ x < ca + cb = d. While for lossless
gratings, the {un(x)} form a mutually orthogonal set, satisfying
the orthogonality relation:

∫ d

0
un(x)um(x)dx = δnm, (21)
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the situation for lossy material necessitates the introduction
of an adjoint set of modes {u†

n} satisfying the same differen-
tial equation (20) but with adjoint quasiperiodicity, which are
biorthogonal to the primal modes, i.e.,

∫ d

0
un(x)u†

m(x)dx = δnm, (22)

Accordingly, at the top and bottom interfaces (z = ±h/2), the
E-field is expressed in the respective forms:

∑ η−1/2
p (δp + rp)ep(x) = ∑

n
(ãn + b̃n)un(x), (23)

∑ η−1/2
p tpep(x) = ∑

n
(ãn − b̃n)un(x), (24)

respectively. Then, adding and subtracting these to generate the
field expression corresponding to symmetric and antisymmetric
incidence:

∑ η−1/2
p (s+p + δp)ep = 2 ∑

n
ãnun(x), (25)

∑ η−1/2
p (s−p + δp)ep = 2 ∑

n
b̃nun(x) (26)

where s±p = rp ± tp.
To solve the boundary value problem, we need to apply the

continuity of the both the tangential components of the electric
and magnetic fields at the interface. We therefore need the ex-
pression for the field component Hx which, for this polarisation,
is proportional to dE/dy. The corresponding expressions to Eqs
(23) and (24) for dE/dy at the top and bottom interfaces are:

∑
p

iη1/2
p (s+p − δp)ep = 2 ∑

n
D1n ã2

nun(x), (27)

∑
p

iη1/2
p (s−p − δp)ep = 2 ∑

n
D2n b̃2

nun(x), (28)

We then solve the boundary value problems for the symmet-
ric and antisymmetric boundary value problem by a projection
method in which we project one of the pair of field matching
equations onto the Bloch mode basis of free space, i.e., the plane
wave basis {ep}, and the other member of the pair onto the Bloch
modes of the lamellar structure, i.e., {un}.

For the antisymmetric problem, we project the electric field
equation (26) onto the plane wave basis, and the magnetic field
equation(28) onto the grating Bloch basis to derive:

s− = −δ + 2η1/2 Jb̃ (29)

2D2b̃ = iJ†η1/2(s− − δ), (30)

where J =
[

Jpn
]
, J† =

[
J†
np

]

Jpn =
∫ d

0
e∗p(x)un(x)dx, (31)

J†
np =

∫ d

0
ep(x)u†

n(x)dx. (32)

The completeness of the plane wave and Bloch mode bases, may
be expressed in matrix form

J J† = I, (33)

J† J = I, (34)

the derivation of which is straightforward and exploits the or-
thogonality of the {ep}, and the biorthogonality of the {un} and
{u†

n}.
Returning to the projection equations (29) and (30), we derive

s− + δ = −B(s− − δ), (35)

where B = −iη1/2 JHD−1
2 J†η1/2 and D2 = diag(D2n). From this

it follows:

s− = (I + B)−1(B− I)δ. (36)

For the symmetrised problem, it is most convenient to project
the field matching equations differently to the manner that was
adopted for the antisymmetric problem. This time, we project
the magnetic field equation (27) onto the plane wave basis and
the electric field equation (25) on the grating Bloch mode basis.
This leads to

s+ + δ = 2iη1/2 JD1a (37)

2a = J+(δ + s+). (38)

from which it follows

s+ − δ = −A(δ + S+), (39)

where A = iη1/2 JD1 J+η−1/2. Accordingly,

s+ = (I + A)−1(I − A)δ, (40)

= [−I + 2(I + A)−1]δ. (41)

Having now solved the diffraction problem for the lamellar
grating in the general case, we now consider the limit of this
formulation for ultra-thin, dense gratings. To do so, we consider
the limit as the conductivity or the permittivity of the rulings is
increased to infinity, i.e., εb = ε̃/h→ ∞, as the thickness of the
grating decreases, i.e., h→ 0. To proceed further, it is necessary
to understand the the form of the dominant modes in this limit,
i.e., those modes for which the transverse propagation constants
γa and γb in each of the two lamellar regions a and b partition
into two sets have bounded values, independent of h. We begin
with the expressions for the transverse propagation constants:

γ2
a = k2 − β2, (42)

γ2
b = k2 ε̃

h
− β2, (43)

which follow from the Helmholtz equation.
Within the air inclusions, i.e., εa = 1, the dominant modes

have γa = O(h0), from which it follows that βa = O(h0) and
γb = k2 ε̃/h = O(h−1). We call these the a-type modes and, in

fact, can show that γ
(a)
n ≈ nπ/ca, and that the modal form is

sinusoidal in air and vanishes in the dielectric in the limit as
h→ 0 — matching the form of the in-air modes that arise in the
formulation for a zero-thickness, perfectly conducting lamellar
grating.

Correspondingly, within the dense (lossy) dielectric inclu-
sions, i.e., εb = ε̃/h, the dominant modes have γb = O(h0),
from which it follows that βb = k

√
ε̃/
√

h = O(h−1/2) and
γa = ikε̃/h = O(h−1/2). We call these the b-type modes and, in

fact, γ
(b)
n ≈ nπ/cb, corresponding to a modal form that is sinu-

soidal in the dielectric and vanishes in air in the limit as h→ 0 —
matching the form of the surface currents on the surface of the
perfectly conducting strip of zero-thickness.
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In this limit, only the a- and b-type modes are of interest,
in the limit as the grating thickness vanishes and the grating
becomes a “grating layer”, since all other modes have too high a
spatial frequency to couple to the incident field. This partitioning
of modes has implications for the completeness relations (33)
and (34). Indeed it can be shown that

Ja J†
a + jb J†

b = I, (44)

J†
a Ja = I, (45)

J†
a Jb = 0, (46)

J†
b Ja = 0, (47)

J†
b Jb = I. (48)

Further, it can be shown that

Jb J†
b = F, (49)

where

Fpq =
∫ d

0
f (x)ep(x)e∗q (x)dx. (50)

Here, F is a Toeplitz matrix whose elements are derived from
the coefficients of a complex Fourier series for

f (x) = 0 on interval a
= 1 on interval b,

which is useful result that we shall later exploit.
Having determined the form of the lamellar grating modes,

and their partitioning in the grating layer limit, we return now
to the understand the asymptotics of the diffraction problem.

For the modes of type a, βa = O(h0), and so

D2a = β/k0 cot βh/2 (51)

≈ 2/(k0h). (52)

Correspondingly, for modes of type b, βb = k0
√

ε̃/h, and so

D2b = (β/k0)2/(k0h) (53)

≈ 2/(k0h). (54)

Accordingly, D2 → ∞ as h → 0, and so D−1
2 → 0, and B → 0.

It therefore follows that for the antisymmetric problem:

s− = −δ. (55)

This result, together with Eq. (41), allows us to infer that

t =
1
2
(s+ − s−) = Tδ = (I + A)−1δ. (56)

The asymptotics of the matrix A depends on the matrix D1 =
−(β/k0) tan(βh/2). For the modes of type a, βa = O(h0), and
so

D1a = −β/k0 tan βh/2 (57)

≈ − β2

k
h
2

(58)

→ 0 (59)

Correspondingly, for modes of type b, βb = k0
√

ε̃/h, and so

D1b = −β/k0 tan βh/2 (60)

≈ − β2

k
h
2

(61)

→ − kε̃

2
(62)

which is independent of h. It therefore follows that

A = iη−1/2 JD1 J†η−1/2 (63)

= iη−1/2
(

JaD1a J†
b + JbD1b J†

b

)
η−1/2 (64)

≈ −i
kε

2
η−1/2 Jb J†

b η−1/2 (65)

=
s
2

η−1/2Fη−1/2. (66)

where

s = −ikε (67)

∝
limh→0 εh

λ
(68)

In deriving Eq. (66, we have reduced the lamellar grating formu-
lation to the result of grating layer result of Petit and Bouchitte
[1], and have elucidated the dependence of the formulation on
the factor limh→0 εh/λ which determines the strength of the
grating layer.

While this is the key result, we proceed one step further to
derive another form of the transmission scattering matrix (56)
with some straightforward manipulation as follows. Proceeding
formally:

T = (I + A)−1 = I − A + A2 + ... (69)

= I − s
2

η−1/2 Jb J†
b η−1/2 (70)

+
s2

4
η−1/2 Jb J†

b η−1/2η−1/2 Jb J†
b η−1/2 + ... (71)

= I − s
2

η−1/2 Jb
[
I − s

2
J†
b η−1 Jb + ...

]
J†
pη−1/2 (72)

= I − s
2

η−1/2 Jb
[
I +

s
2

J†
pη−1 Jb

]
J†
pη−1/2 (73)

= I − η−1/2 Jb
[2

s
I + J†

b η−1 Jb
]−1 J†

b η−1/2. (74)

In the limit as s → ∞, we recover the result for the current
mode formulation (74) for the strip lamellar grating derived in
[2].

T → I − η−1/2 Jb
[

J†
b η−1 Jb

]−1 J†
pη−1/2 (75)

Alternatively, if s = 0, as would occur in the “soft” limit
whereby limh→0εh = 0, the grating layer would be transparent,
consistent with the result from (73) for which T = I.

The main result (66) represents the intermediate ground
whereby provided that the critical parameter s is bounded, the
ultra-thin grating reduces to the grating layer considered by
Petit and Bouchitte [1].
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7.3.1 Total Absorption in Graphene Oxide
In addition to the experimental demonstration using antimony sulphide, presented in Pa-
per 7.2, we have investigated gratings composed of graphene oxide (GO) and reduced
graphene oxide (rGO) in collaboration with the group of Jia at Swinburne University.
Graphene oxide is produced directly from graphite [224] using the economic and scalable
method due to Hummer [225], and the grating rulings of rGO are defined into the GO layer
through femtosecond laser ablation [226].

Figure 7.2(a) shows the numerically calculated absorption of TE polarised light, normally
incident upon a 80 nm thick grating composed of GO and rGO, as a function of the gratings
period (d) and the volume fraction of GO (f). As in Paper 7.2, the grating is placed above
an Ag mirror, separated by a layer of SiO2; the optimum thickness of the SiO2 layer for each
combination of d and f is shown in Fig. 7.2(b). The experimental implementation of this
design is ongoing.
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Figure 7.2: Numerical optimisation of the absorption in a 80 nm thick grating composed of
GO and rGO, situated above a silver mirror, separated by a layer of silica. (a) Absorption
as a function of grating period and GO volume fraction. (b) Optimum thickness of SiO2

layer for each period and volume fraction.

Epilogue
This chapter presented the final results of this thesis, showing how ultra-thin gratings could
absorb nearly 100% of light of a targeted wavelength. For TE polarisation we demonstrated
experimentally that this could be realised in gratings composed of Sb2S3 and air. In the
closing chapter we review the use of nanostructures in photovoltaic SCs, discuss how this
thesis has contributed to the field, and outline where the field may be heading in the future.
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Chapter 8

Conclusion and Outlook

The future will either be green, or not at all.

Bob Brown

The 2014 Nobel prize in physics was awarded for

“the invention of efficient blue light-emitting diodes which has enabled bright
and energy-saving white light sources.” [227]

This dedication highlights the importance of sustainable energy technologies in addressing
climate change as well as in improving living standards. There are currently 1.3 billion
people without access to electricity [228]; as solar panels and white light LEDs continue to
become more affordable these communities are able to leap-frog the prohibitively expensive
infrastructure of the centralised electricity grid of the modern era, and go from burning
kerosene and wood to owning their own self-sufficient renewable electricity and lighting
systems (see for example [229, 230]).

In the past 5-10 years the prices of solar panel modules have been reduced by record
amounts, which was largely due to the solar industry maturing: large-scale silicon production
facilities purely dedicated to SCs were created, which reduced the cost of polysilicon from
$300 per kilogram in 2001 to roughly $20 today; industrial processes improved rapidly, an
effect known as “industrial learning” (see Fig. 2.1); and fierce competition forced companies
to sell at (or even below) cost price [34]. These factors are not expected to continue, and
price reductions are forecast to slow [34]. The continued reduction of the $/W of solar
energy therefore requires significant technical innovations; the inclusion of nanostructures
into solar cells is one avenue by which such advances may be achieved.

In the following sections we review the research and development of nanostructures for
photovoltaic solar cell applications, discuss the approaches pursued in this thesis, and provide
an outlook on the likely future directions. The impact of the simulation package, EMUstack,
that we created and released open-source was discussed in Ch. 3.

8.1 Optical Nanostructures for Photovoltaics
Over the previous decade the nanophotonics community has become increasingly engaged
with the challenges of designing improved SCs, propelled by advances in nanofabrication
and computational simulations that opened up a wide variety of new structures to explore.
The community has primarily focused on nanostructures that enhance the absorption of thin
film SCs, which are attractive because of their reduced consumption of expensive materials,
as well as their ability to use materials of lower quality. These features were particularly
appealing during the peak in the price of silicon. A subset of the structures investigated
(discussed in Sect. 2.4.1) includes: of nanowires, nanocones, nanodomes, multi-diameter
nanowires, nanoholes (photonic crystals), Mie scatterers, plasmonic scatterers.
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Studies have generally found these nanostructures to be very effective in enhancing the
absorption, and indeed it was shown that they can produce an absorption enhancement
factor in excess of the Lambertian limit that applies to conventional light trapping struc-
tures, governed by ray optics. While most studies demonstrate an increase in the short
circuit currents of SCs, it was recently shown that the strong concentration of fields within
small absorber volumes also improves the ratio of radiative to non-radiative recombinations,
thereby increasing the open circuit voltage of SCs. These findings indicate that there is
much to be gained by incorporating nanostructures into PV SCs.

Whether this potential can be realised in practical devices with improved efficiencies
remains, largely, to be seen. This question arises because almost all studies (including those
of this thesis) have considered only the optical performance of SCs, assuming the electronic
performance to either be ideal or unchanged from those of uniform reference structures. It is
however well known that the high surface-area-to-volume ratios of nanostructures increases
the impact of (non-radiative) surface recombinations, and that current fabrication methods
tend to increase the surface defect density, exacerbating this problem. This is less of a
problem for light trapping configurations with scatterers placed outside of the active region,
in contrast to designs where the active absorber layer itself is structured. In all cases, these
issues require further experimental investigation, and modelling using the optoelectronic
techniques reviewed in Sect. 3.3.

We now review the developments of the structures examined in this thesis, before pro-
viding a general outlook in Sect. 8.2.

8.1.1 Nanostructured Absorbers
As the canonical types of nanostructured absorbers we studied nanowire and nanohole arrays
as the active (absorbing) layer of thin film SCs in Chapters 4 and 5. The common approach
of these studies was to examine the optical modes of the arrays as a means to obtaining
physical insights that can be used to systematically design structures so as to maximise their
absorption. Such insights had not been clearly articulated in the literature, partially as a
consequence of the ubiquity of full field numerical tools that focus attention on quantities
such as the absorption spectrum and the ultimate efficiency. An advantage of focusing on
the modes is that it becomes straightforward to apply these insights to different materials,
as was done in Paper 4.2.

The findings of Paper 5.1 are also general: the incorporation of NWs of differing radii
into an array broadly enhances the absorption spectrum because the modes (determined
by the radius) contribute resonant absorption peaks at different wavelengths. We showed
how the radii of the NWs could be selected to maximise the absorption beyond what was
achieved by any randomised samples, illustrating the advantage of physical insights over
brute force numerical optimisation. In addition to designing NW array SCs made from
arbitrary materials, this knowledge may also be applied to NW array LEDs [231] to shape
their emission spectrum.

The analysis in Paper 5.2 led to the conclusion that improvements in absorption due
to irregularly spacing the NWs was due to clusters of NWs approximating larger NWs.
This suggests that the improvements observed by other studies, and by our own, due to
disordered arrangements are conditional upon starting with suboptimal ordered arrays. The
semi-analytic optimisation routine of Paper 4.2 allows future studies, for example of disorder
or of the electrical properties of arrays, to avoid focussing on suboptimal optical structure.
Paper 4.2 provided quantitative prescriptions and synthesises the different optical effects
along with the relevant geometric parameters into a consistent framework, which will be of
value as the field matures and more research is directed towards applications.

Although one of the oft-cited advantages of NW arrays is the incorporation of radial
p-n junctions that allow the use of materials with low charge-carrier diffusion lengths, re-
searchers are now generally focussing on developing III-V semiconductor NWs. This is
because nanofabrication processes increase the cost of NW array SCs, even when made from
cheap materials, beyond that which is competitive compared to unstructured thin film SCs.
III-V materials are more promising because the monetary value of reducing the material
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consumption is greater, and the thin films used in III-V SCs are also produced using growth
techniques so the cost difference is less significant. Another important distinction of high
quality III-V materials is that they have intrinsically high radiative efficiencies, which allows
them to capitalise on the thermodynamic advantages of strong absorption in small volumes.

With the optical advantages of nanostructured absorbers now well established, their
further development depends upon their fabrication, and how this effects their electrical
performance. The critical issue for the SC performance of NW arrays is the passivation of the
defect states on their large surface areas in order to reduce the non-radiative recombinations.
Passivation techniques have steadily improved in the last five years, in particular for III-V
semiconductors such as GaAs, for which InGaP and AlGaAs have been shown to be very
effective [148, 157, 158]. Indeed the record efficiency of a NW SC of 15.3% was achieved
by a GaAs NW SC [148] whose improved efficiency over previous NW SCs was mostly due
to an increased Voc of 0.923 V, which the authors attribute to improved passivation [148].
This type of GaAs NW SC is being commercialised by a company Sol Voltaics [232], who
are using the patented substrate-less aerotaxy fabrication technique [233] that was also used
to create the record efficiency SC. Motivated by the opportunities highlighted in Sect. 6.1.1,
the company appears to be focussing on developing GaAs NW SCs for use in silicon-based
tandem SCs, with a stated aim of increasing the efficiency of the silicon panels from 16% to
27% tandem SCs [234].

8.1.2 Dielectric Gratings
The latter half of this thesis focussed less strictly on PV applications, as we shifted our
attention from structured absorbers to lossy dielectric gratings. In Ch. 6 we investigated
how Fano resonances of dielectric gratings suspended in a low-index background produce
broadband reflections, while in Ch. 7 we studied the total absorption of light in ultra-thin
gratings.

Our investigations of dielectric gratings began with a search for grating designs that
can blaze a large amount of energy into highly evanescent diffraction orders, which would
produce a strong near-field absorption enhancement that could be harvested in an ultra-
thin absorbing layer. Our exploration uncovered a distinct lack of any such physics, instead
finding that all resonances are driven by propagating modes within the grating (Re(k⊥) > 0),
which limits the magnitude of the transverse wavevector (k‖)and thereby the decay constant
of the evanescent field outside of the grating.

Meanwhile the same types of gratings we were investigating were being assessed as wave-
length selective filters in mechanically decoupled multi-junction SCs by the Atwater group,
which we realised during a visit to this group. In addition to this solar application, the
broadband reflections of high-contrast gratings are well established in a wide range of appli-
cations including: optical isolators [235]; cavities in hybrid lasers [236, 237]; and in enhancing
the Purcell effect, creating polariton-based lasers and quantum circuits, and exotic quantum
phases in polaritons [238]. It is not yet clear whether dielectric gratings are ultimately the
best structures for these applications; for spectrum-splitting multi-junction SCs the ques-
tions of immediate interest concern the performance of gratings relative to Bragg stacks,
comparing in particular the losses due to absorption and light directed to the wrong subcell.

In Paper 6.2, we considered the underlying mechanism that causes the broad reflec-
tions, which had not been addressed in previous numerical optimisations and experimental
demonstrations. This required knowledge of the complex reflection coefficient as a function
of complex frequencies. A limitation of our work was the consideration of linearly polarised
light; lamellar gratings are strongly polarisation sensitive, whereas solar radiation is unpo-
larised and requires polarisation insensitive components to achieve reasonable efficiencies.
While our fundamental insights regarding the symmetries of the Fano resonances extend in
a straightforward manner to bi-periodic gratings (which are not polarisation sensitive) the
realisation of effective structures for unpolarised light remains an open challenge. Addition-
ally, future work may consider chirping the gratings to achieve broader spectral features (eg.
absorption).
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Our final results, presented in Ch.7, demonstrated that gratings of deeply subwavelength
thickness can absorb nearly 100% of light at target wavelengths. This was shown numeri-
cally, explained with a comprehensive theoretical analysis, and verified experimentally using
gratings composed of antimony sulphide in collaboration with researchers at the Australian
National University. Our numerical results indicate that total absorption can be achieved
in ultra-thin gratings composed of a very wide range of complex refractive indices; the crit-
ical parameter was found to be εh/λ. TLA in ultra-thin structures had previously been
demonstrated in metallic structures, exotic materials with n′ ∼ n′′, nanoplasmonics, and
in metamaterials, whereas our study revealed that TLA could be achieved in very simple
gratings made from common semiconductor-type materials. These findings significantly re-
duce the hurdles for ultra-thin absorbers to be incorporated into photodetectors and SCs,
and may also enable further applications that have not been imagined for the complicated
perfect absorbers.

8.2 Outlook
As mentioned in Ch. 2, the current conditions for emerging thin film SC technologies are
challenging; silicon technologies are supremely well established in the marketplace and have
achieved impressive economies of scale in production. Meanwhile the costs of installation
now outweigh the costs of production, placing a greater emphasis on the absolute power
conversion efficiency particularly in settings where the available space is limited. These
conditions are refining the separations in the SC market as technologies must either have
significantly lower costs, or substantially higher efficiencies, than silicon SCs in order to
compete.

In the lower cost market segments there are many thin film technologies competing for
applications where cost, flexibility, semi-transparency and weight are at a premium, such as
in portable consumer goods [239], buildings, and (potentially) electric cars. For NW SCs the
major difficulty lies in reducing fabrication costs, particularly as other technologies in the
same efficiency range of 10% < η < 15%, such as organic and dye-sensitised SCs, are typically
inexpensive to produce [240, 241]. Conventional thin-film technologies have recently been
overshadowed by a frenzied interest in perovskite SCs. The certified efficiencies of these
SCs has risen at unprecedented rates in the last 5 years (see Fig. 2.10) to η > 20%. This
development is made even more remarkable by being built upon a highly sensitive and not
yet fully understood class of materials. Some of the major unanswered questions relate to:
isolating the role of different environmental factors in fabrication of high performance SCs;
finding a high efficiency chemical composition that is free of toxins such as lead; improve
the SCs stability and longevity. As these questions are addressed in the coming years, there
may very well be a significant role for perovskite SCs to play in the solar market.

At the higher efficiency end of the market there has been interest in creating mechanically
decoupled multi-junction SCs. Nanophotonics structures may have a crucial role in these
devices, managing the separation of the solar spectrum between seven or more SCs. The
efficiency target of these ultra-high efficiency device is η > 50%, approximately 5% greater
than the all-time SC efficiency record. The other type of high-efficiency SC attracting
attention at the moment is silicon-based tandem SCs. We earlier noted that GaAs NW are
being developed for this application [149, 232], as are perovskites [105, 191–195, 197]. The
silicon-based tandem configuration holds the promise of improving efficiencies by over 5%
in absolute terms, without a correspondingly substantial increase in costs [105, 232].

In addition to the recognised applications of the nanostructures to energy technologies,
discussed in this thesis, there is significant scope for the optical physics to find uses in yet
unforeseen ways. An example of alternative uses of NWs comes from Crozier et al., who
have developed NW array multicoloured photodetectors, where the pixels colour sensitivity
is determined by tuning the radius of the NWs [242, 243], similar to our approach in Pa-
per 5.1. Another promising research direction (facilitated by the equivalence of absorption
and emission as stated in Kirchhoff’s law) is use of nanophotonic structure in controlling the
emission of light, for instance in enhancing the extraction-efficiency of LEDs or manipulating
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their emission spectra. NW array LEDs are being commercialised by glō [244], where the
emitted colour is tuned by varying the radius of the individual NWs. This approach can
be used to create colour displays or alternatively they could be used to design the emitted
colour spectrum of a light source [231]. As a final example of the potential for nanophoton-
ics structures to address our energy needs we mention passive cooling device conceived and
demonstrated by Fan et al. [245, 246]. The operating principle of this device is to weakly
absorb/emit radiation of visible and near-infrared wavelengths (0.3 < λ < 2.5 µm), reflect-
ing the incident photons from the sun, while simultaneously strongly emitting/absorbing
mid-infrared wavelengths (8 < λ < 13 µm) where there is a transmission window in the at-
mosphere that allows the thermal emission from the device to efficiently radiate into (cold)
outer-space. This approach has been demonstrated to have a cooling power of 40.1 Watts
per square metre, cooling the device by 4.9 degrees Celsius below ambient air temperature
when exposed to direct sunlight [246].

The developments of nanophotonics have provided us with a large amount of control over
the interaction of light and matter, in particular allowing us to manipulate the propagation
of light and its absorption/emission. One of the important applications of this knowledge is
in improving the technologies that allow us to produce and consume electricity sustainably:
photovoltaic solar cells and light emitting diodes. For these technologies to continue to
progress, their optical performance must be improved, which in many cases may be achieved
through the purposeful design of dielectric nanostructures.

While the advancement of solar energy technologies has too oft been hindered, there is a
certain inevitability in its rise; the sheer abundance of the solar resource is simply too great
to ignore in favour of non-renewable fuels. The crucial question is therefore: how many
years and degrees will we let pass, before transitioning to a sustainable future?
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